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SMOOTH GROUP REPRESENTATIONS ON BORNOLOGICAL
VECTOR SPACES
RALF MEYER
Abstrat. We develop the basi theory of smooth representations of loally
ompat groups on bornologial vetor spaes. In this setup, we are able to
formulate better general theorems than in the topologial ase. Nonetheless,
smooth representations of totally disonneted groups on vetor spaes and of
Lie groups on Fréhet spaes remain speial ases of our theory. We identify
smooth representations with essential modules over an appropriate onvolution
algebra. We examine smoothening funtors on representations and modules
and show that they agree if they are both dened. We establish the basi
properties of indution and ompat indution funtors using adjoint funtor
tehniques. We desribe the enter of the ategory of smooth representations.
Nous développons la théorie basique des représentations lisses des groupes
loalement ompats sur les espaes vetorielles bornologiques. Dans e on-
texte, nous pouvons établir des meilleurs théorèmes que dans la situation
topologique. Néanmoins, les représentations lisses des groupes totalement dis-
ontinus sur les espaes vetorielles et les représentations lisses des groupes de
Lie sur les espaes de Fréhet restent des as spéiales de notre théorie. Nous
identions des représentations lisses ave des modules essentielles sur une al-
gèbre de onvolution onvenable. Nous examinons des fonteurs régularisants
sur des représentations et des modules et nous montrons que ils sont égales si
ils sont dénis. Nous établons les propriétés basiques des fonteurs d'indution
et d'indution ompat en employant des tehniques des fonteurs adjointes.
Nous dérivons le entre du atégorie des représentations lisses.
1. Introdution
Smooth representations of totally disonneted groups on vetor spaes and of
Lie groups on loally onvex topologial vetor spaes have already been studied
for a long time. It is also known that one an dene smooth representations of
arbitrary loally ompat groups using the spaes of smooth funtions introdued
by François Bruhat in [4℄. We shall onsider, instead, smooth representations of
loally ompat groups on bornologial vetor spaes (see [12℄). While this may
appear to be only a minor variation on the usual theory, it turns out that there are
several small but signiant details that make the bornologial theory muh more
pleasant and more powerful. Smooth representations of totally disonneted groups
on vetor spaes and of Lie groups on Fréhet spaes are speial ases of our theory,
so that it allows for a unied treatment of these two kinds of representations.
Bornologial vetor spaes went out of fashion quite some time ago. This is rather
unfortunate beause they are the ideal setting for nonommutative geometry. As
soon as we move beyond Fréhet spaes, we run into annoying problems when we
work with topologial vetor spaes. For instane, the multipliation on an algebra
like D(R) with onvolution is only separately ontinuous and not jointly ontinuous.
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Therefore, one has to give ad ho denitions for the omplexes that ompute the
Hohshild and yli homology of suh onvolution algebras. Problems of this
nature are artefats whih disappear if we work bornologially instead. Moreover,
bornologies are essential for the purposes of loal yli ohomology, whih is a
variant of yli ohomology that produes better results for Banah algebras like
the algebra of ontinuous funtions on a ompat spae.
A great advantage of bornologial versus topologial analysis is the adjoint as-
soiativity between the ompleted bornologial tensor produt ⊗ˆ and the internal
Hom funtor: Hom(A ⊗ˆ B,C) ∼= Hom
(
A,Hom(B,C)
)
. In partiular, there is a
anonial bornology on the spae Hom(B,C) of bounded linear maps between two
bornologial vetor spaes. Adjoint assoiativity holds for vetor spaes and Ba-
nah spaes, but not for topologial vetor spaes. It provides bornologial analysis
with a muh riher algebrai struture than topologial analysis. For representa-
tion theory this means that the general theory of smooth representations of loally
ompat groups on bornologial vetor spaes is very similar to the purely algebrai
theory of smooth representations of totally disonneted groups on vetor spaes.
An instane of this is our main theorem, whih asserts that the ategory of
smooth representations of G is isomorphi to the ategory of essential modules over
the onvolution algebra D(G) of smooth funtions with ompat support on G. We
also have very nie adjointness relations between restrition, indution and ompat
indution funtors, from whih we an dedue many properties of these funtors.
We now explain our results in greater detail. Throughout this artile, G denotes
a loally ompat topologial group. Bruhat ([4℄) denes spaes D(G) and E(G)
of smooth funtions with ompat support and with arbitrary growth at innity,
respetively. In the totally disonneted ase a funtion is smooth if and only if it is
loally onstant. In the Lie group ase smoothness has the usual meaning. General
loally ompat groups are treated using the deep struture theory of almost on-
neted groups. We reall Bruhat's denitions and adapt them to our bornologial
setup in Setion 2. Besides basi fats about these funtion spaes, we prove some
interesting results about metrizable bornologial vetor spaes.
A representation π : G → Aut(V ) on a omplete onvex bornologial vetor
spae V is alled smooth if the map that sends v ∈ V to the funtion g 7→ π(g, v)
takes values in E(G, V ) and is a bounded linear map π∗ : V → E(G, V ). Equiva-
lently, the formulaWf(g) := g ·f(g) denes a bounded linear operator on D(G, V ).
For totally disonneted G this amounts to the requirement that any bounded set
be stabilized by an open subgroup of G. In partiular, if V is a vetor spae with
the ne bornology, we get the usual notion of a smooth representation of a totally
disonneted group on a omplex vetor spae.
Now suppose G to be a Lie group. A representation is alled dierentiable if
it is k times ontinuously dierentiable for all k ∈ N. This notion is weaker than
smoothness. For instane, the left regular representation on the spae of ompatly
supported distributions E ′(G) is dierentiable but not smooth. Dierentiability
and smoothness are equivalent if V is bornologially metrizable. In partiular, this
happens if V is a Fréhet spae equipped with a reasonable bornology.
Dierentiable representations on bornologial vetor spaes are losely related to
smooth representations on topologial vetor spaes. We show that a bornologial
representation π is dierentiable if and only if it extends to a bounded algebra
homomorphism ∫π : E ′(G) → End(V ). Similarly, a topologial representation π is
smooth if and only if it extends to a bounded homomorphism ∫π : E ′(G)→ End(V ),
where End(V ) arries the equiontinuous bornology. Let V be a bornologial topo-
logial vetor spae, equip it with the von Neumann bornology. Then there is no
dierene between the spaes of ontinuous and bounded maps V → V , equipped
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with the equiontinuous and equibounded bornology, respetively. Hene topolog-
ial smoothness is equivalent to bornologial dierentiability in this ase. If V is
a Fréhet spae, we know that bornologial dierentiability and smoothness are
equivalent, so that the topologial and bornologial notions of smooth representa-
tion agree for Fréhet spaes. For general V the bornologial notion of smoothness
is more restritive than the topologial one.
If we restrit ∫π to the onvolution algebra D(G), we turn V into a module
over D(G). A module V over D(G) is alled essential if the module ation is a
bornologial quotient map D(G) ⊗ˆ V → V . That is, eah bounded subset of V is
the image of a bounded subset of D(G) ⊗ˆ V . The following theorem generalizes a
well-known and muh used fat for totally disonneted groups:
Theorem 1.1. Let G be a loally ompat group. The ategories of essential borno-
logial left D(G)-modules and of smooth representations of G on bornologial vetor
spaes are isomorphi. The isomorphism sends a representation π : G → Aut(V )
to the module ∫π : D(G)→ End(V ).
The theorem makes three assertions. First, if π : G → Aut(V ) is smooth, then
∫π : D(G) ⊗ˆ V → V is a bornologial quotient map. In fat, this map even has a
bounded linear setion. Seondly, any essential module over D(G) arises in this
fashion from a smooth representation of G. Thirdly, a bounded linear map between
two smooth representations is G-equivariant if and only if it is a homomorphism
of D(G)-modules. In the topologial framework it is still true that π is smooth if
and only if ∫π : D(G, V ) → V has a ontinuous linear setion (see [2℄) . However,
D(G, V ) is no longer a topologial tensor produt of D(G) and V . Therefore, we
fail to haraterize smooth representations in terms of the algebra D(G).
We study analogues in the ategory of modules overD(G) of several onstrutions
with representations, namely, smoothening, restrition, indution and ompat in-
dution. Let H ⊆ G be a losed subgroup. Then we only have D(H) ⊆ E ′(G),
so that the restrition of a D(G)-module to a D(H)-module is not always dened.
If V is an arbitraryD(G)-module, then D(G)⊗ˆD(G)V and HomD(G)(D(G), V ) arry
anonial D(H)-module strutures. The resulting funtors are alled the smooth
and rough restrition funtors, SHG and R
H
G . In the onverse diretion, if V is a
module over D(H), we an produe a module over D(G) in two ways. We dene
the ompat indution funtor and the rough indution funtor by
IcGH(V ) := D(G) ⊗ˆD(H) V.
IGH(V ) := HomD(H)(D(G), V ).
The funtors S := IcGG = S
G
G and R := I
G
G = R
G
G are alled smoothening and
roughening, respetively. Up to a relative modular fator, S ◦ IGH and Ic
G
H agree with
the indution and ompat indution funtors for representations, respetively.
These funtors enjoy many useful algebrai properties. For instane, they are ex-
at for appropriate lasses of extensions. The exatness of the smoothening funtor
implies that the lass of essential modules is losed under extensions. The ontent
of the roughening funtor is the following: roughly speaking, the roughening of a
module V is the largest moduleW that satises SV = SW . Many important prop-
erties of the indution and restrition funtors follow easily by playing around with
adjoint assoiativity. We prove the Shapiro Lemma in group homology and oho-
mology in this fashion and we show how to redue Tor and Ext for the ategory of
essential D(G)-modules to group homology and ohomology. It is remarkable that
suh results an be proved easily and purely algebraially. There are no analytial
diulties whatsoever.
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The smoothening funtors for representations and modules also agree. The mod-
ule smoothening is the range of the map ∫π : D(G) ⊗ˆ V → V . The image of the
unompleted tensor produt is known as the Gårding subspae of V . Jaques
Dixmier and Paul Malliavin show in [5℄ that the Gårding subspae is equal to the
smoothening for Lie group representations on Fréhet spaes. The same is true
for arbitrary ontinuous representations of loally ompat groups on bornologial
vetor spaes.
Finally, we examine the analogue of the Bernstein enter of a totally disonneted
group. This is the enter of the ategory of smooth representations of G on omplex
vetor spaes, whih was studied rst by Joseph Bernstein ([1℄). It plays a ruial
role in the representation theory of redutive groups, whih is parallel to the role
played by the enter of the universal enveloping algebra in the Lie group ase.
We prove that the enter of the ategory of smooth representations of G is iso-
morphi to the enter of the multiplier algebra of D(G). In the totally disonneted
ase this is the same as the Bernstein enter. We desribe the multiplier algebra of
D(G) and its enter as spaes of distributions on G. For Lie groups the multiplier
algebra is just E ′(G). For a onneted omplex Lie group with trivial enter, en-
tral multipliers are neessarily supported at the identity element. Thus the enter
of the ategory of smooth representations of G is isomorphi to the enter of the
universal enveloping algebra of G in this ase.
2. Spaes of smooth funtions on loally ompat groups
Many results of this setion are adaptations to the bornologial setting of results
of François Bruhat ([4℄). There are a few issues regarding tensor produts and
metrizability that do not arise in the topologial setting, however.
Sine we are only dealing with omplete onvex bornologies, we drop these ad-
jetives from our notation: whenever we assert or ask that a spae be a bornologial
vetor spae, it is understood that it is asserted or asked to be a omplete onvex
bornologial vetor spae. Good referenes for the basi theory of bornologial ve-
tor spaes are the publiations of Henri Hogbe-Nlend ([1012℄), whose notation we
will follow mostly.
2.1. Preliminaries. The struture theory of loally ompat groups is ruial for
Bruhat's denitions in order to redue to the ase of Lie groups. Although its
results are very diult to prove, they are extremely simple to apply and state.
Let G be a loally ompat group. Let G0 ⊆ G be the onneted omponent
of the identity element. The group G is alled totally disonneted if G0 = {1},
onneted if G0 = G and almost onneted if G/G0 is ompat.
A totally disonneted loally ompat group has a base for the neighborhoods of
the identity element onsisting of ompat open subgroups (see [9℄). Applying this
to the totally disonneted group G/G0, we nd that any loally ompat group
ontains an almost onneted open subgroup.
Theorem 2.1 ([15℄). Let G be an almost onneted loally ompat group. Then G
is isomorphi to a projetive limit of Lie groups. More expliitly, there is a direted
set I of ompat normal subgroups k ⊆ G suh that G/k is a Lie group for all k ∈ I
and
⋂
I = {1}. We have G = lim
←−k∈I
G/k for any suh system.
Denition 2.2. A subgroup k ⊆ G is alled smooth if its normalizer NG(k) ⊆ G
is open and NG(k)/k is a Lie group. Let SC or SC(G) be the set of all smooth
ompat subgroups. A fundamental system of smooth ompat subgroups in G is
a set I of smooth ompat subgroups whih is direted by inlusion and satises⋂
I = {1}.
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Lemma 2.3. Let G be a loally ompat group. If k ⊆ G is a smooth subgroup,
then G/k, k\G and G//k := k\G/k are smooth manifolds in a anonial way. If
k1 ⊆ k2, then the indued maps G/k1 → G/k2, et., are smooth.
The set SC(G) is a fundamental system of smooth ompat subgroups and in
partiular direted. We have
G ∼= lim←−
G/k ∼= lim←−
k\G ∼= lim←−
G//k,
where the limits are taken for k ∈ SC(G).
A set of subgroups is a fundamental system of smooth ompat subgroups if and
only if it is a onal subset of SC(G). The set I an be taken ountable and even
a dereasing sequene if and only if G is metrizable.
Proof. Let k ⊆ G be a smooth subgroup and let U be its normalizer. Thus U is
an open subgroup of G, k is a normal subgroup of U and U/k is a Lie group. The
homogeneous spae G/k is just a disjoint union of opies gU/k of the Lie group
U/k for g ∈ G/U and hene a smooth manifold. The same applies to k\G. The
proof of the orresponding assertion for G//k is more ompliated. We view this as
the orbit spae of the ation of k on G/k by left multipliation. For any g ∈ G, let
k′ := k ∩ gUg−1. Then k\kgU/k ∼= k′\gU/k ∼= g−1k′g\U/k beause G/U is open.
The latter double oset spae is really a left oset spae beause k is normal in U .
Thus k\G/k is a disjoint union of smooth manifolds as well.
Let U ⊆ G be an open almost onneted subgroup. For U instead of G, our
assertions follow from Theorem 2.1. Sine SC(U) ⊆ SC(G) is onal, the latter
is a fundamental system of smooth ompat subgroups in G. We also get the
isomorphisms G ∼= lim←−
G/k, et., from the orresponding statement for U . It is
lear that any onal subset of SC(G) is still a fundamental system of smooth
ompat subgroups. Conversely, if I is suh a set, then I ⊆ SC(G). Let k ∈ SC(G).
Sine ∩I = {1}, the set of k′ ∈ I with k′ ⊆ NG(k) is onal. Sine the Lie group
NG(k)/k does not ontain arbitrarily small subgroups, the quotient group k
′/k
must eventually be trivial, that is, k′ ⊆ k. This means that I is onal in SC(G).
It is lear from G ∼= lim←−
G/k that G is metrizable if and only if we an hoose I
ountable. 
Before we an dene smooth funtions on loally ompat groups, we need some
generalities about spaes of smooth funtions on manifolds (see [14℄ for more de-
tails). Let M be a smooth manifold and let B be a Banah spae. Then we equip
the spae D(M,B) of smooth funtions with ompat support from M to B with
the following bornology. A set S of smooth funtions is bounded if all f ∈ S are
supported in a xed ompat subset of M and the set of funtions D(S) is uni-
formly bounded for any dierential operator D on M . This is the von Neumann
bornology for the usual LF-topology on D(M,B). We let D(M) be D(M,R) or
D(M,C), depending on whether we work with real or omplex bornologial vetor
spaes. In the following, we will assume that we work with omplex vetor spaes,
but everything works for real vetor spaes as well.
If V is a bornologial vetor spae, we let D(M,V ) be the spae of all funtions
M → V that belong to D(M,VT ) for some bounded omplete disk T ⊆ V . A subset
of D(M,V ) is bounded if it is bounded in D(M,VT ) for some T . (Reall that VT
is the linear span of T equipped with the norm whose losed unit ball is T . Hene
it is a Banah spae.)
Let ⊗ˆ be the ompleted projetive bornologial tensor produt. It is dened
by the universal property that bounded linear maps A ⊗ˆ B → C orrespond to
bounded bilinear maps A × B → C. The natural map D(M) ⊗ˆ B → D(M,B)
is a bornologial isomorphism for all Banah spaes B. The funtor D(M) ⊗ˆ xy
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ommutes with diret limits and preserves injetivity of linear maps beause D(M)
is nulear (see [13℄). Therefore, we have
(1) D(M,V ) ∼= D(M) ⊗ˆ V
for all bornologial vetor spaes V . Moreover, for two manifolds M1,M2 we have
D(M1) ⊗ˆ D(M2) ∼= D(M1 ×M2).
We dene the spaes Ckc (M,V ) of k times ontinuously dierentiable funtions
with ompat support similarly for k ∈ N. If V is a Banah spae, we let Ckc (M,V )
be the usual LF-spae and equip it with the von Neumann bornology. For general V
we let Ckc (M,V ) := lim−→
Ckc (M,VT ). We let C
∞
c (M,V ) := lim←−
Ckc (M,V ) and all
funtions in C∞c (M,V ) dierentiable (see also [19℄). While there evidently is no
dierene between smooth funtions and C∞-funtions with values in a Banah
spae, smoothness is more restritive than dierentiability in general. Smooth
funtions are easier to work with beause of (1), whih fails for C∞c (M,V ).
Denition 2.4. A bornologial vetor spae is metrizable if for any sequene (Sn)
of bounded subsets there is a sequene of salars (ǫn) suh that
∑
ǫnSn is bounded.
The preompat bornology and the von Neumann bornology on a Fréhet spae
are metrizable in this sense (see [14℄).
Lemma 2.5. If V is metrizable, then D(M,V ) = C∞c (M,V ).
Proof. Let S ⊆ C∞c (M,V ) be bounded. That is, S is bounded in C
k
c (M,V ) for all
k ∈ N. For any k ∈ N, there is a bounded omplete disk Tk ⊆ V suh that S is
bounded in Ckc (M,VTk). By metrizability, we an absorb all Tk in some bounded
omplete disk T ⊆ V . Thus S is bounded in Ckc (M,VT ) for all k ∈ N. This means
that S is bounded in D(M,V ). 
Lemma 2.6. A bornologial vetor spae V is metrizable if and only if the funtor
V ⊗ˆ xy ommutes with ountable diret produts.
Proof. It is easy to see that V is metrizable one V ⊗ˆ
∏
N
C ∼=
∏
N
(V ⊗ˆC). For the
onverse impliation, we learly have a bounded linear map V ⊗ˆ
∏
Bn →
∏
V ⊗ˆBn.
We have to show that
∏
V ⊗ˆBn satises the universal property of V ⊗ˆ
∏
Bn. That
is, we need that a bounded bilinear map l : V ×
∏
Bn → X indues a bounded
linear map
∏
V ⊗ˆ Bn → X . By denition, a bounded subset S of
∏
N
V ⊗ˆ Bn
is ontained in
∏
Sn ⊗ˆ Tn with bounded omplete disks Sn and Tn in V and Bn,
respetively. Here Sn ⊗ˆ Tn denotes the omplete disked hull of Sn × Tn in V ⊗ˆBn.
By metrizability, all Sn are absorbed by some bounded omplete disk S
′ ⊆ V .
Moving the absorbing onstants into Tn, we obtain S ⊆ S
′ ⊗ˆ
∏
T ′n. This implies
the desired universal property. 
2.2. The denitions of the funtion spaes. Let G be a loally ompat group
and let V be a bornologial vetor spae. The spaes D(G/k, V ) are dened for all
k ∈ SC(G). We pull bak funtions onG/k toG and thus viewD(G/k, V ) as a spae
of funtions on G. If k1 ⊆ k2, then D(G/k2, V ) is the subspae of right-k2-invariant
funtions in D(G/k1, V ) and thus a retrat of D(G/k1, V ). The set SC is direted
by Lemma 2.3. Hene the spaes D(G/k, V ) for k ∈ SC form a strit indutive
system. Strit means that the struture maps are bornologial embeddings. We
let D(G, V ) be its indutive limit. This is just the union of the spaes D(G/k, V )
equipped with the diret union bornology and thus a spae of V -valued funtions
on G. We get the same spae if we replae SC by any fundamental system of smooth
ompat subgroups beause the latter are onal subsets of SC. In partiular, if G
is metrizable, then we an use a dereasing sequene of subgroups.
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Lemma 2.7. We have
D(G, V ) = lim
−→
D(G/k, V ) = lim
−→
D(k\G, V ) = lim
−→
D(G//k, V ).
Proof. For any ompat subset S ⊆ G/k there is k2 ∈ SC that stabilizes all points
of S. That is, funtions in D(G/k, V ) with support in S are automatially left-k2-
invariant and hene belong to D(G//k2, V ). This yields the assertions. 
Let H ⊆ G be a losed subgroup. We dene D(G/H, V ) and D(H\G, V ) as
follows. The double oset spae k\G/H an be deomposed as a disjoint union
of homogeneous spaes for Lie groups as in the proof of Lemma 2.3 and hene
is a smooth manifold for all k ∈ I. We view D(k\G/H) as a spae of left-k-
invariant funtions on G/H . If k1 ⊆ k2, then D(k2\G/H) is the set of left-k2-
invariant funtions in D(k1\G/H). Thus the spaes D(k\G/H) for k ∈ I form a
strit indutive system. We let D(G/H, V ) := lim
−→
D(k\G/H, V ). The denition of
D(H\G, V ) is analogous. Lemma 2.7 shows that this reprodues the old denition
of D(G/H, V ) if H is normal in G. If H is a ompat subgroup, then D(G/H, V )
is anonially isomorphi to the spae D(G, V )H of elements in D(G, V ) that are
invariant under right translation by H .
If G is a Lie group, then G/H is a smooth manifold and D(G/H, V ) evidently
agrees with the usual spae of smooth funtions dened in Setion 2.1. If G is
totally disonneted, then the spaes k\G/H are disrete. Therefore, D(G/H, V )
is the spae of loally onstant funtions with ompat support from G/H to V .
Denition 2.8. A funtion f : G/H → V is alled smooth if h ·f ∈ D(G/H, V ) for
all h ∈ D(G/H). We let E(G/H, V ) be the spae of smooth funtions from G/H
to V . A subset S of E(G/H, V ) is bounded if h ·S is bounded in D(G/H, V ) for all
h ∈ D(G/H). We let E(G/H) := E(G/H,C).
For a losed subset S ⊆ G/H , let E0(S, V ) be the subspae of E(G/H, V ) of
funtions supported in S and let E(S, V ) be the quotient of E(G/H, V ) by the ideal
of funtions vanishing in S. (The latter notation is slightly ambiguous beause
E(S, V ) also depends on G/H .)
Let S ⊆ G/H be ompat. Then there is h ∈ D(G/H) with h|S = 1. Therefore,
we obtain the same spaes E0(S, V ) and E(S, V ) if we replae E(G, V ) by D(G, V )
in the above denition. It is evident that D(G/H, V ) = lim
−→
E0(S, V ) where S runs
through the direted set of ompat subsets of G/H . Thus D(G/H, V ) is the spae
of ompatly supported elements of E(G/H, V ). However, the spae E(G/H, V )
tends to be harder to analyze than D(G/H, V ).
2.3. Nulearity and exatness properties. Next we examine some properties
of D(G/H) and of the funtor V 7→ D(G/H, V ). Sine the bornologial tensor
produt ommutes with indutive limits, (1) implies
(2) D(G/H, V ) ∼= lim−→
D(k\G/H, V ) ∼= lim−→
D(k\G/H) ⊗ˆ V ∼= D(G/H) ⊗ˆ V.
Proposition 2.9. The bornologial vetor spae D(G/H) is nulear. More gener-
ally, if V is nulear, so is D(G/H, V ).
Proof. For k ∈ SC and S ⊆ k\G/H ompat, the subspae E0(S) ⊆ D(k\G/H) is
a nulear Fréhet spae beause k\G/H is a smooth manifold. Hene it is nulear
as a bornologial vetor spae as well (see [13℄). As an indutive limit of these
spaes, the spae D(G/H) is nulear as well. Sine nulearity is hereditary for
tensor produts, (2) implies that D(G/H, V ) is nulear if V is. 
To state the exatness properties of the funtor D(G/H, xy), we reall some nat-
ural lasses of extensions. A bornologial extension is a diagram K
i
→ E
p
→ Q with
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i = Ker p and p = Coker i. It is alled linearly split if it has a bounded linear
setion. Then it follows that E ∼= K ⊕ Q. It is alled loally linearly split if for
any bounded omplete disk T ⊆ Q there is a loal bounded linear setion QT → E
dened on the Banah spae QT . Equivalently, the sequene
0→ Hom(B,K)→ Hom(B,E)→ Hom(B,Q)→ 0
is exat for any Banah spae B. Loally linearly split extensions are important for
loal yli ohomology.
Proposition 2.10. The funtor V 7→ D(G/H, V ) ommutes with diret limits. It
preserves bornologial extensions and injetivity of morphisms. It also preserves
loally linearly split and linearly split extensions.
Proof. For any bornologial vetor spae W , the funtor V 7→ W ⊗ˆ V ommutes
with diret limits and preserves linearly split and loally linearly split bornologial
extensions. Nulearity of W implies that it also preserves injetivity of morphisms
and bornologial extensions. This yields the assertions beause of (2). 
Now we turn from D(G/H, V ) to E(G/H, V ). For any open overing of G/H
there is a subordinate partition of unity onsisting of funtions in D(G/H). In
order to avoid taking square roots, our onvention for partitions of unity is that∑
φ2j (x) = 1. We hoose suh a partition of unity (φj)j∈J on G/H with φj ∈
D(G/H) for all j ∈ J and use it to dene maps
(3)
ι : E(G/H, V )→
∏
j∈J
D(G/H, V ), ι(f)j := f · φj ,
π :
∏
j∈J
D(G/H, V )→ E(G/H, V ), π
(
(fj)
)
:=
∑
j∈J
fj · φj .
It is lear that ι is a well-dened bounded linear map. The map π is a well-dened
bounded linear map as well beause all but nitely many of the produts fjφjh
vanish for h ∈ D(G/H). Thus E(G/H, V ) is naturally isomorphi to a retrat (that
is, diret summand) of
∏
j∈J D(G/H, V ).
Proposition 2.11. The funtor E(G/H, xy) preserves bornologial extensions and
injetivity of morphisms. It also preserves loally linearly split and linearly split
bornologial extensions. The spae E(G/H, V ) is nulear if (and only if) V is
nulear and G/H is ountable at innity.
Proof. The lasses of extensions that our in the proposition are losed under
diret produts. Hene a retrat of a diret produt of exat funtors is again
exat. Using the maps in (3), the assertions about E(G/H, xy) therefore follow from
the orresponding assertions about D(G/H, xy) in Proposition 2.10. Suppose G/H
to be ountable at innity. Then the partition of unity above is ountable, so that
E(G/H, V ) is a retrat of a ountable diret produt of spaes D(G/H, V ). Sine
nulearity is hereditary for ountable diret produts, E(G/H, V ) is nulear. 
Denition 2.12. Let l : D(G/H, V ) → W be a bounded linear map. Its support
supp l is the smallest losed subset S ⊆ G/H suh that l(f) = 0 for all f ∈
D(G/H, V ) that vanish in a neighborhood of S. (An argument using partitions of
unity shows that this is well-dened.)
LetD′(G/H, V ) be the dual spae ofD(G/H, V ), equipped with the equibounded
bornology. For S ⊆ G/H , letD′(S, V ) ⊆ D′(G/H, V ) be the set of linear funtionals
supported in S. Let E ′(G/H, V ) := lim
−→
D′(S, V ), where S runs through the ompat
subsets of G/H . In partiular, for V = C, we obtain the spaes D′(G/H) and
E ′(G/H) of distributions and distributions with ompat support on G/H .
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Lemma 2.13. The natural map from the dual of E(G/H, V ) to D′(G/H, V ) is
a bornologial isomorphism onto E ′(G/H, V ). In partiular, E ′(G/H) is the dual
spae of E(G/H).
Proof. It is not hard to see that for any set of bornologial vetor spaes (Vx),
the dual spae of
∏
Vx is bornologially isomorphi to the diret sum
⊕
V ′x. This
together with (3) yields the assertion. 
Lemma 2.14. If G/H is ountable at innity and V is metrizable, then
E(G/H, V ) ∼= E(G/H) ⊗ˆ V.
Proof. We have already shown that D(G/H, V ) ∼= D(G/H) ⊗ˆ V . Using the maps
in (3) and Lemma 2.6, we obtain E(G/H, V ) ∼= E(G/H) ⊗ˆ V as well. 
However, E(G/H, V ) is not isomorphi to E(G/H) ⊗ˆ V in general. All three
spaes E(G/H × G/H), E(G/H, E(G/H)) and E(G/H) ⊗ˆ E(G/H) are dierent
unless G/H is a smooth manifold or ompat. This is the reason why the regular
representation on G/H usually fails to be smooth.
2.4. Funtoriality with respet to the group.
Denition 2.15. A ontinuous linear map f : G1/H1 → G2/H2 between two ho-
mogeneous spaes is alled smooth if for any x ∈ G1/H1 and any k2 ∈ SC(G2),
there is k1 ∈ SC(G1) and an open k1-invariant neighborhood V ⊆ G1/H1 of x suh
that the restrition of f to V desends to a smooth map k1\V → k2\G2/H2.
Lemma 2.16. A smooth map f : G1/H1 → G2/H2 indues a bounded linear map
f∗ : E(G2/H2, V )→ E(G1/H1, V ), f
∗(h) := h ◦ f.
If f is proper as well, f∗ restrits to a bounded linear map
f∗ : D(G2/H2, V )→ D(G1/H1, V ), f
∗(h) := h ◦ f.
Proof. Use smooth partitions of unity. 
The following are examples of smooth maps. They indue maps on spaes of
smooth funtions by Lemma 2.16.
(1) The group multipliation is a smooth map G × G → G. So are the mul-
tipliation maps G × G/H ∼= G × G/1 × H → G/H and H\G × G ∼=
H × 1\G × G → H\G. The map G × G → G × G, (x, y) 7→ (x, xy), is
smooth and so are similar maps involving homogeneous spaes.
(2) The inversion is a smooth map G→ G and G/H ↔ H\G.
(3) Any ontinuous group homomorphism is smooth.
(4) If g−1Hg ⊆ H ′, then the map G/H → G/H ′ that sends xH to xHgH ′ =
xgH ′ is smooth.
Thus we an dene the left and right regular representations λ and ρ of G on
D(G, V ) and E(G, V ) by
(4) λgf(x) := f(g
−1 · x), ρgf(x) := f(x · g).
Lemma 2.17. The spae E(G/H, V ) is naturally isomorphi to the subspae of
E(G, V ) of funtions f that satisfy ρhf = f for all h ∈ H.
Proof. The projetion G/H → G is smooth and therefore indues a bounded inje-
tive map E(G/H, V ) → E(G, V ), whose range learly onsists of right-H-invariant
funtions. Let k ∈ SC and let U be its normalizer. In order to prove that k\G/H
is a smooth manifold, we deomposed k\G/H into a disjoint union of the double
oset spaes k\UgH/H for g ∈ U\G/H and identied the ontribution of eah
double oset with a homogeneous spae for a Lie group ation. This redues the
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assertion to the speial ase where G is a Lie group. The projetion G → G/H is
a submersion in this ase and hene has loal smooth setions. They together with
smooth partitions of unity yield the assertion. 
The modular funtion µG : G → R
×
+ is a ontinuous group homomorphism. We
dene it by the onvention µG(x) dg = d(gx). We have µG ∈ E(G) beause group
homomorphisms are smooth maps and the idential funtion R
×
+ → R is a smooth
funtion on R
×
+. Hene multipliation by µG is a bornologial isomorphism on
D(G, V ) and E(G, V ).
If H ⊆ G is an open subgroup, then there are bornologial embeddings
D(H,V )→ D(G, V ), E(H,V )→ E(G, V ),
whih extend a funtion on H by 0 outside H . Its range is the spae of funtions
supported in H and thus a retrat. Let (Gi)i∈I be a direted family of open
subgroups of G with G =
⋃
Gi. Then D(G, V ) is the strit indutive limit of the
subspaes D(Gi, V ).
We have
(5) D(G1 ×G2) ∼= D(G1) ⊗ˆ D(G2) ∼= D(G1,D(G2))
for all loally ompat groups G1 and G2 beause the orresponding result holds for
manifolds and the bornologial tensor produt ommutes with diret limits. The
spaes E(G × G), E(G) ⊗ˆ E(G) and E(G, E(G)) agree if G is a Lie group, but not
for arbitrary G.
Let (Gi)i∈I be a set of loally ompat groups and let Ki ⊆ Gi be ompat open
subgroups for all i ∈ I \ F0 with some nite set of exeptions F0. For eah nite
subset F ⊆ I ontaining F0 the diret produt
G(F ) :=
∏
i∈I\F
Ki ×
∏
i∈F
Gi
is a loally ompat group. For F1 ⊆ F2 the group G(F1) is an open subgroup
of G(F2). The restrited diret produt
∏′
i∈I(Gi,Ki) is the diret union of these
groups. The harateristi funtion of Ki ⊆ Gi is a distinguished element of D(Gi).
The (restrited) tensor produt of the spaes D(Gi) with respet to these distin-
guished vetors is dened as follows. For eah nite subset F ⊆ I ontaining F0,
onsider the ompleted tensor produt
⊗
i∈F D(Gi). We have a map between the
assoiated tensor produts for F1 ⊆ F2 that inserts the fator 1Ki for i ∈ F2 \ F1.
The tensor produt is the diret limit of the resulting (strit) indutive system. It
is straightforward to show that
(6) D
(∏′
i∈I
(Gi,Ki)
)
∼=
⊗
i∈I
(D(Gi), 1Ki).
2.5. Multipliation and onvolution. The pointwise produt of smooth fun-
tions and of smooth funtions with distributions is dened in the usual way. All
resulting bilinear maps are learly bounded.
The group law of G gives rise to a omultipliation
∆: E(G)→ E(G×G), ∆f(g, h) := f(gh)
We do not have E(G ×G) = E(G) ⊗ˆ E(G) in general. The resulting problem with
the onvolution of distributions is xed by the following lemma:
Lemma 2.18. There is a unique bounded bilinear map
E ′(G)× E ′(G)→ E ′(G×G), (D1, D2) 7→ D1 ⊗D2,
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suh that
〈D1 ⊗D2, f1 ⊗ f2〉 = 〈D1, f1〉 · 〈D2, f2〉,
(f1 ⊗ f2) · (D1 ⊗D2) = f1 ·D1 ⊗ f2 ·D2,
for all D1, D2 ∈ E
′(G), f1, f2 ∈ E(G).
There is a unique bounded linear map
E ′(G/H)→ Hom(E(G/H, V ), V ), D 7→ DV ,
suh that
〈DV , f ⊗ v〉 = 〈D, f〉 · v, f ·DV = (f ·D)V
for all D ∈ E ′(G/H), f ∈ E(G/H), v ∈ V .
Proof. Fix D1, D2 with support ontained in some ompat subset S ⊆ G. There
exists φ ∈ D(G) with φ = 1 in a neighborhood of S. Hene φ · Dj = Dj for
j = 1, 2. Therefore, we must put 〈D1 ⊗D2, f〉 := 〈D1 ⊗ˆD2, (φ⊗ φ) · f〉. The right
hand side is well-dened beause (φ⊗ φ) · f has ompat support and D(G×G) ∼=
D(G) ⊗ˆ D(G) ⊆ E(G) ⊗ˆ E(G). It is straightforward to see that this denition does
not depend on φ and has the required properties.
The map DV is dened similarly. There is φ ∈ D(G/H) with φ · D = D. We
must have 〈DV , f〉 := D ⊗ˆ idV (φ · f) for all f ∈ E(G/H, V ). The right hand side is
dened beause φ · f ∈ D(G/H, V ) ∼= D(G/H) ⊗ˆ V . 
We dene the onvolution of two ompatly supported distributions by
〈D1 ∗D2, f〉 := 〈D1 ⊗D2,∆f〉
for all f ∈ E(G). This turns E ′(G) into a bornologial algebra. A similar trik allows
to dene the onvolution of a ompatly supported distribution with an arbitrary
distribution. All these bilinear maps are evidently bounded.
Fix a left Haar measure dg on G. Then we embed E(G) ⊆ D′(G) by the usual
map f 7→ f dg. We dene onvolutions involving smooth funtions in suh a way
that f1 dg ∗ f2 dg = (f1 ∗ f2) dg, D ∗ (f dg) = (D ∗ f) dg and (f dg ∗D) = (f ∗D) dg.
It is straightforward to verify that this denes bounded bilinear maps taking values
in E(G) provided one fator has ompat support, and taking values in D(G) if
both fators have ompat support. In partiular, D(G) beomes a bornologial
algebra and a bimodule over E ′(G).
The antipode f˜(g) := f(g−1) on E(G) gives rise by transposition to an antipode
on E ′(G), whih is a bounded anti-homomorphism with respet to onvolution. Its
restrition to the ideal D(G) ⊆ E ′(G) is given by
(7) (f˜ (1))(g) := f(g−1)µG(g)
−1
beause d(g−1) = µG(g
−1) dg. This is a bounded anti-homomorphism on D(G),
whih we use to turn right D(G)-modules into left modules and vie versa.
3. Smooth representations of loally ompat groups
We shall use the following notation and onventions. Let G be a loally ompat
group and let V be a (omplete onvex) bornologial vetor spae. The spae
End(V ) := Hom(V, V ) of bounded linear operators on V is a (omplete onvex)
bornologial algebra. Let Aut(V ) be the multipliative group of invertible elements
in End(V ). A group representation of G on V is a group homomorphism π : G →
Aut(V ). Thus we always assume G to at by bounded linear operators. We write
π(g) = πg and πg(v) = π(g, v) = g · v. Let Map(G, V ) :=
∏
g∈G V be the spae of
all funtions from G to V . The adjoint of π is the bounded linear map π∗ : V →
Map(G, V ) dened by π∗(v)(g) := π(g, v). We let G at on Map(G, V ) by the right
regular representation ρ dened in (4). Then π∗ is G-equivariant.
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Denition 3.1. The representation π is alled smooth if π∗ is a bounded map into
E(G, V ).
3.1. First properties of smooth representations.
Lemma 3.2. The representation π is smooth if and only if Wf(x) := x · f(x)
denes an element of Aut(D(G, V )). Even more, π is already smooth if
Wφ : V
φ∗
−→ D(G, V )
W
−→ Map(G, V ), v 7→ [g 7→ φ(g)π(g, v)],
is a bounded linear map into D(G, V ) for some non-zero φ ∈ D(G).
Proof. We have Wφ(v) =W (φ⊗ v) = Mφπ∗(v), where Mφ denotes the operator of
pointwise multipliation by φ on D(G, V ). It follows from the denition of E(G, V )
that π is smooth if and only if Wφ is a bounded linear map into D(G, V ) for all φ.
This is equivalent to W being a bounded linear map. If W is bounded, so is its
inverse W−1f(x) := x−1f(x). Hene W belongs to Aut(D(G, V )) if and only if π
is smooth.
It remains to prove that Wφ is a bounded map into D(G, V ) for all φ ∈ D(G)
one this happens for a single φ 6= 0. Let X ⊆ D(G) be the subspae of all φ for
whih Wφ is a bounded map into D(G, V ). Clearly, X is an ideal for the pointwise
produt. Sine π(g) is bounded for all g ∈ G, the operator Wφ is bounded if and
only ifWρgφ is bounded. Hene for all g ∈ G there is φ ∈ X with φ(g) 6= 0. Sine X
is an ideal, we get X = D(G). 
Corollary 3.3. Let H ⊆ G be an open subgroup. Then a representation of G is
smooth if and only if its restrition to H is smooth. Any representation of a disrete
group is smooth.
Lemma 3.4. Let H ⊆ G be a losed subgroup. The left and right regular represen-
tations of G on D(G/H, V ) and D(H\G, V ) are smooth.
Proof. We observed after Lemma 2.16 that the map G × G/H → G × G/H that
sends (x, yH) to (x, xyH) is smooth. Sine it is also proper, it indues a bounded
linear operator on D(G,D(G/H, V )) ∼= D(G×G/H, V ). This is the operator W of
Lemma 3.2 for the left regular representation λ on D(G/H, V ). Hene λ is smooth.
Similarly, the right regular representation on D(H\G, V ) is smooth. 
The regular representations on E(G, V ) usually fail to be smooth. See Setion 3.5
for some positive results on E(G, V ).
The integrated form of a smooth representation π is the bounded homomorphism
∫π : E ′(G)→ End(V ), ∫π(D)(v) := DV
(
π∗(v)
)
.
The operator DV : E(G, V ) → V is dened in Lemma 2.18. We evidently have
∫π(δg) = πg, so that ∫π extends π. We omit the straightforward proof that ∫π is
an algebra homomorphism. Let U(G) ⊆ E ′(G) be the subalgebra of distributions
supported at 1G. If G is a Lie group with Lie algebra g, then U(G) is the universal
enveloping algebra of g. Restriting ∫π to g ⊆ U(G), we obtain a Lie algebra
representation Dπ : g→ End(V ). We all Dπ the dierential of π.
3.2. Permanene properties of smooth representations.
Lemma 3.5. Smoothness is hereditary for subrepresentations and quotients, diret
limits and nite inverse limits (that is, inverse limits of nite diagrams).
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Proof. Let K ֌ E ։ Q be a bornologial extension of representations of G.
Consider the diagram
K // //

E // //

Q

E(G,K) // // E(G,E) // // E(G,Q).
The middle vertial map is the adjoint of the representation on E. The bottom
row is a bornologial extension as well by Proposition 2.11. Sine the omposition
K → E → E(G,E) → E(G,Q) vanishes, the dotted arrows exist. They are the
adjoints of the indued representations on K and Q. Hene K and Q are smooth
representations as well. It is trivial to verify that diret sums of smooth repre-
sentations are again smooth. Sine diret limits are quotients of diret sums and
inverse limits are subspaes of diret produts, we obtain the asserted smoothness
for diret limits and nite inverse limits. 
Remark 3.6. Innite diret produts of smooth representations may fail to be
smooth. The lass of smooth representations is not losed under extensions. A
simple ounterexample is the representation of R on C2 by
t 7→
(
1 φ(t)
0 1
)
for some disontinuous group homomorphism φ : R→ R.
Lemma 3.7. Let φ : H → G be a ontinuous group homomorphism and let π : G→
End(V ) be a group representation. If π is a smooth representation of G, then π◦φ is
a smooth representation of H. In partiular, restritions of smooth representations
to losed subgroups remain smooth. If φ is an open surjetion, then the onverse
holds. That is, a representation of a quotient group H/N is smooth if and only if
it is smooth as a representation of H.
Proof. The smoothness of π ◦ φ follows from the funtoriality of E(G, V ) for on-
tinuous group homomorphisms. If φ is an open surjetion, it is isomorphi to a
quotient map φ : H → H/N . The map φ∗ : E(H/N, V )→ E(H,V ) is a bornologial
isomorphism onto its range by Lemma 2.17. Hene π ◦ φ is smooth if and only if π
is. 
The external tensor produt π1 ⊠ π2 of two representations πj : Gj → Aut(Vj),
j = 1, 2, is the tensor produt representation of G1 ×G2 on V1 ⊗ˆ V2. If G1 = G2,
the internal tensor produt π1 ⊗ˆ π2 is the restrition of π1 ⊠ π2 to the diagonal
G ⊆ G×G. Let (Gi)i∈I and (Ki)i∈I\F0 be the data for a restrited diret produt
of groups. Let πi : Gi → Aut(Vi) be representations of Gi and let ξi ∈ Vi be
Ki-invariant for all but nitely many i ∈ I. Then we an form the restrited tensor
produt
⊗
i∈I(Vi, ξi) and let
∏′
i∈I(Gi,Ki) at on it in the evident fashion. We all
this the restrited (external) tensor produt representation. This reipe is frequently
used to onstrut representations of adeli groups.
Lemma 3.8. A representation of a diret produt group is smooth if and only if
its restritions to the fators are smooth. Restrited external tensor produts and
external and internal tensor produts of smooth representations remain smooth.
Proof. The straightforward proof of the rst assertion is left to the reader. Con-
sider a restrited diret produt G =
∏′(Gi,Ki) and a restrited tensor produt
representation
⊗
i∈I(Vi, ξi) as above. We have
D
(
G,
⊗
(Vi, ξi)
)
∼=
⊗
(D(Gi), 1Ki) ⊗ˆ
⊗
(Vi, ξi) ∼=
⊗
(D(Gi, Vi), 1Ki ⊗ ξi).
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The restrited tensor produt is funtorial for families of maps Vi → Vi preserving
the distinguished vetors. Sine the operator W of Lemma 3.2 is indued from
the analogous operators for the fators, we get the assertion for restrited diret
produts. This implies the smoothness of nite external tensor produts and hene
also of internal tensor produts by Lemma 3.7. 
3.3. Some onstrutions with representations.
Denition 3.9. The smoothening of a representation π : G→ Aut(V ) is
SG V := {f ∈ E(G, V ) | f(g) = g · f(1) for all g ∈ G},
equipped with the subspae bornology, the right regular representation and the
map ιV : SG V → V dened by ιV (f) = f(1).
We frequently drop G and just write S(V ) for the smoothening. We write
SG(V, π) if it is important to remember the representation π. A funtion f ∈
E(G, V ) belongs to S(V ) if and only if f = π∗
(
f(1)
)
. Therefore, the map ιV is
injetive and S(V ) is invariant under the right regular representation. The map ιV
is bounded and G-equivariant.
Let L ⊆ G be a ompat neighborhood of the identity. Reall that E(L, V ) is
dened as a quotient of E(G, V ) in Denition 2.8. However, sine L is ompat, it
is also a quotient of D(G, V ). Therefore, E(L, V ) ∼= E(L) ⊗ˆ V .
Lemma 3.10. The projetion (v, f) 7→ f |L is a bornologial isomorphism from
S(V ) onto the spae
SL V := {f ∈ E(L, V ) | f(g) = g · f(1) for all g ∈ L}.
In partiular, SH V ∼= SG V if H ⊆ G is an open subgroup.
Proof. Restrition to L is a bounded linear map p : S(V )→ SL V . Dene jf(g) :=
g · f(1) for all g ∈ G, f ∈ SL V . This is a bounded linear map from SL V to
S(V ) beause j(f)|gL = πg(f) and the interiors of the sets gL with g ∈ G over G.
Clearly, the maps j and p are inverse to eah other. 
Proposition 3.11. The smoothening of V is a smooth representation of G. If W
is any smooth representation of G, then there is a natural isomorphism
(ιV )∗ : HomG(W,V ) ∼= HomG(W, S(V )).
Proof. The map (ιV )∗ is injetive beause ιV is. A map T : W → V indues a map
E(G, T ) : E(G,W ) → E(G, V ). We have ιV ◦ E(G, T ) ◦ π
W
∗ = T and E(G, T ) ◦ π
W
∗
maps W into S(V ) if T is equivariant. Hene (ιV )∗ is also surjetive.
It remains to prove the smoothness of S(V ). This requires work beause the
regular representation on E(G, V ) may fail to be smooth. Let L ⊆ G be a ompat
symmetri neighborhood of 1 and let L2 := L · L. There is a bounded linear map
ρ∗ : E(G, V )→ E(G×G, V ), ρ∗f(g, h) := f(gh).
It desends to a bounded map E(L2, V )→ E(L×L, V ) ∼= E(L, E(L, V )), whih maps
SL2(V ) into E(L, SL V ). The isomorphism E(L × L, V ) ∼= E(L, E(L, V )) follows
immediately from E(L, V ) ∼= E(L) ⊗ˆ V , but it holds only if L is ompat. Using
Lemma 3.10, we get a bounded map
ρ∗ : S(V )→ E
(
L, S(V )
)
, ρ∗(f)(g) := ρg(f),
Sine L is a neighborhood of the identity, the smoothness of S(V ) now follows from
Lemma 3.2. 
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Let RˆG be the ategory of representations ofG on bornologial vetor spaes with
G-equivariant bounded linear maps as morphisms. Let RG be the full subategory
of smooth representations. Proposition 3.11 asserts that S: RˆG → RG is right
adjoint to the embedding RG ⊆ RˆG.
Let H ⊆ G be a losed subgroup. We have an evident restrition funtor
ResHG : RˆG → RˆH , whih maps RG into RH . The smooth indution funtor
IndGH : RH → RG is dened as the right adjoint of the restrition funtor. The
following onstrution shows that it exists.
First we onstrut a right adjoint to ResHG : RˆG → RˆH . Let
I(V ) := {v ∈ Map(G, V ) | f(hg) = h · f(g) for all h ∈ H , g ∈ G},
equipped with the subspae bornology from Map(G, V ) and the right regular rep-
resentation. A morphism f : ResHG (W )→ V in RˆH indues a morphism f∗ : W →
I(V ) in RˆG by f∗(w)(g) := f(gw). Any morphism W → I(V ) is of this form for a
unique morphism f . That is, I is right adjoint to the restrition funtor RˆG → RˆH .
It follows easily that the funtor
IndGH : RH → RG, V 7→ SG I(V ),
is right adjoint to the restrition funtor RG → RH . Any G-equivariant map
W → Map(G, V ) for a smooth representation W already takes values in E(G, V ).
Hene we an use E(G, V ) instead of Map(G, V ) to dene of IndGH(V ). However,
we still have to smoothen afterwards beause E(G, V ) may fail to be smooth.
The support of a funtion in I(V ) is left-H-invariant and an be viewed as a
subset of H\G. We let Ic(V ) be the subspae of ompatly supported funtions
in I(V ), equipped with the indutive limit bornology over the ompat subsets of
H\G. We dene the ompat indution funtor as
c-IndGH : RH → RG, V 7→ SG Ic(V ).
Proposition 3.12. The representation c-IndGH(V ) is isomorphi to the right regular
representation of G on
W := lim
−→
{f ∈ E0(H · S, V ) | f(hg) = h · f(g) for all h ∈ H, g ∈ G},
where S runs through the ompat subsets of H\G.
The funtor c-IndGH preserves diret limits, injetivity of morphisms, bornologial
extensions, linearly split extensions and loally linearly split extensions.
Proof. It is lear that W is a subrepresentation of Ic(V ). Furthermore, any map
X → Ic(V ) from a smooth representation to Ic(V ) must fator through W . We
must prove that W is a smooth representation of G. We do this by realizing it
naturally as a linearly split quotient of the left regular representation on D(G, V ).
Thus the funtor c-IndGH is a retrat of the funtor D(G, xy) if we forget the group
representation. Hene it inherits its funtorial properties listed in Proposition 2.10.
Consider the maps
(8)
P : D(G, V )→W, Pf(g) :=
∫
H
h · f(g−1h) dHh,
J : W → D(G, V ), Jf(g) := f(g−1) · φ(g).
The map P is bounded and G-equivariant. The map J is a bounded linear left
setion for P provided suppφ ∩ S · H is ompat for all S ⊆ G/H ompat and∫
H
φ(gh) dHh = 1 for all g ∈ G. Suh a funtion φ learly exists. As a quotient of
the left regular representation on D(G, V ), the representation W is smooth. 
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Proposition 3.12 easily implies that
c-IndGH(D(H,V ))
∼= D(G, V ),(9)
c-IndGH(C(1))
∼= D(G/H),(10)
where C(1) denotes the trivial representation of H on C and all funtion spaes
arry the left regular representation.
It is ustomary to twist the funtors IndGH and c-Ind
G
H by a modular fator. Let
µG and µH be the modular funtions of G and H , respetively. We all the quasi-
harater µG:H := µGµ
−1
H : H → R
×
+ the relative modular funtion of H ⊆ G. For
a representation π : H → Aut(W ) of H and α ∈ R, we form the representation
µαG:H · π on W and plug it into Ind
G
H and c-Ind
G
H instead of W itself. We all the
resulting funtors the twisted indution and ompat indution funtors. The ase
α = 1/2 is important beause it preserves unitary representations.
3.4. Expliit riteria for smoothness. Let U ⊆ G be an open subgroup whih is
a projetive limit of Lie groups. Let I be a fundamental system of smooth ompat
subgroups in U . For a subgroup L ⊆ G we let
V L := {v ∈ V | gv = v for all g ∈ L}.
This is a losed linear subspae of V . The subspaes V k for k ∈ I form a strit
indutive system. We have V = lim
−→
V k if and only if any bounded subset of V is
ontained in V k for some k ∈ I.
Theorem 3.13. A representation π : G → Aut(V ) is smooth if and only if V =
lim
−→k∈I
V k and the representation of U/k on V k is smooth for all k ∈ I.
Proof. Sine π is smooth if and only if its restrition to U is smooth we may assume
without loss of generality that G = U . We may also assume that there be k0 ∈ I
with k ⊆ k0 for all k ∈ I. Fix φ ∈ D(G/k0) with φ(1) 6= 0. The representation π is
smooth if and only if the operator Wφ in Lemma 3.2 is a bounded map from V to
D(G, V ) ∼= lim−→
D(G/k, V ). Evidently,Wφ(v) is k-invariant if and only if v ∈ V
k
. As
a result, we must have V = lim
−→
V k if π is smooth. Suppose now that V = lim
−→
V k.
Sine smoothness is hereditary for indutive limits and subrepresentations, V is
smooth if and only if V k is smooth for all k ∈ I. Moreover, the representation of G
on V k is smooth if and only if the indued representation of G/k is smooth. This
yields the assertion. 
If G is totally disonneted, the quotients U/k are disrete, so that any repre-
sentation of U/k is smooth. Therefore, π is smooth if and only if V = lim
−→
V k. If V
arries the ne bornology, then the latter holds if and only if eah v ∈ V is stabilized
by some open subgroup. For arbitrary G the quotients U/k are Lie groups. Hene
it remains to desribe smooth Lie group representations.
Theorem 3.14. Let G be a Lie group and let g be its Lie algebra. A representation
π : G→ Aut(V ) is smooth if and only if it satises the following onditions:
(i) the representation is loally equibounded, that is, π(K) ⊆ End(V ) is equi-
bounded for any ompat subset K ⊆ G;
(ii) the limits Dπ(X)(v) := limt→0 t
−1(exp(tX) ·v− v) exist for all v ∈ V and the
onvergene is uniform on bounded subsets of V ;
(iii) for any bounded subset S ⊆ V there is a bounded disk T ⊆ V suh that
Dπ(X1) ◦ · · · ◦Dπ(Xn)(S) is bounded in VT for all n ∈ N, X1, . . . , Xn ∈ g.
Proof. First we show that smooth representations satisfy (i)(iii). Conditions (i)
and (ii) are obvious with Dπ(X) = ∫π(X) for all X ∈ g ⊆ E ′(G). Let S ⊆ V be
bounded and let φ ∈ D(G) be suh that φ = 1 in a neighborhood of the identity.
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Dene Wφ(v)(g) := φ(g)π(g, v) as in Lemma 3.2. The set Wφ(S) is bounded in
D(G, V ) and hene in D(G, VT ) for some bounded disk T ⊆ V . This yields (iii).
Conversely, suppose (i)(iii) to hold. We laim that π is smooth. Let S ⊆ V be
a bounded omplete disk and K ⊆ G ompat. Condition (i) allows us to hoose
a bounded omplete disk S′ ⊆ V ontaining π(K)(S). Let S′′ ⊆ V be a bounded
omplete disk suh that the onvergene in (ii) is uniform in VS′′ for all v ∈ S
′
.
Suh a set exists by the denition of uniform onvergene. Condition (iii) asserts
that there is a bounded omplete disk T suh that Dπ(X1) ◦ · · · ◦Dπ(Xn)(S
′′) is
bounded in VT for all n ∈ N, X1, . . . , Xn ∈ g.
We laim that the map v 7→ π∗(v)|K is a bounded linear map from VS to
E(K,VT ). This laim implies that π is smooth. Sine VS and VT are Banah
spaes, the laim is equivalent to the smoothness of the Banah spae valued map
π : K → Hom(VS , VT ). This is what we are going to show. The onstrution
of the sets S′, S′′, T yields the following. The family of operators π(g) : VS →
VS′ is uniformly bounded for g ∈ K. Let X1, . . . , Xn, X ∈ g. The operators
(π(exp(hX))− id)/h : VS′ → VS′′ onverge towards Dπ in operator norm for h→ 0.
The operator A := Dπ(X1) ◦ · · · ◦Dπ(Xn) : VS′′ → VT is bounded. Hene
lim
h→0
A ◦ (π(exp(hX)g)− π(g))/h = A ◦Dπ(X) ◦ π(g)
onverges in Hom(VS , VT ) and is of the same form as the operator A ◦ π(g). This
means that we an dierentiate π with respet to right invariant dierential oper-
ators. Therefore, π is a C∞-map from K to Hom(VS , VT ) as laimed. 
3.5. Smooth versus dierentiable representations. Let G be a Lie group.
Using the spaes Ckc (G, V ) dened in Setion 2.1 instead of D(G, V ), we dene the
spae Ck(G, V ) of Ck-funtions G → V for k ∈ N ∪ {∞} as in Denition 2.8. We
all π a Ck-representation if π∗ is a bounded map from V to C
k(G, V ). For k = 0
and k =∞ we get ontinuous and dierentiable representations, respetively.
Theorem 3.15. Let π : G→ Aut(V ) be a representation of a Lie group G. Let g
be the Lie algebra of G. The following statements are equivalent:
(1) the representation π is dierentiable;
(2) the representation π is C1;
(3) there is a bounded homomorphism ∫π : E ′(G)→ End(V ) extending π;
(4) the following two onditions hold:
(i) the representation is loally equibounded, that is, for all ompat subsets
K ⊆ G the set π(K) ⊆ End(V ) is equibounded;
(ii) the limits Dπ(X)(v) := limt→0 t
−1(exp(tX) · v − v) exist for all v ∈ V
and the onvergene is uniform on bounded subsets of V .
Proof. It is lear that (1) implies (2). The dual of C1(G) is a subspae of E ′(G).
It generates E ′(G) as a bornologial algebra in the sense that any bounded subset
of E ′(G) is ontained in Sn for a bounded subset S ⊆ C1(G)′. A C1-representation
gives rise to a bounded linear map C1(G)′ → End(V ), whih we an then extend
to an algebra homomorphism on all of E ′(G). Hene (2) implies (3). The set of δg,
g ∈ K, is bounded in E ′(G) and we have onvergene t−1(δexp(tX) − δ1) → X in
E ′(G) for all X ∈ g. Hene (3) implies (4). The proof of the impliation (4)=⇒(1)
is similar to the proof of Theorem 3.14 and therefore omitted. 
Conditions (i) and (ii) above are the same as in Theorem 3.14. Thus the only dif-
ferene between smoothness and dierentiability is ondition (iii) of Theorem 3.14.
Remark 3.16. It follows immediately from Theorem 3.15 that the regular repre-
sentations on E ′(G) and D′(G) are dierentiable. However, these representations
are not smooth. One an verify diretly that the third ondition of Theorem 3.14
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fails. It is also lear that they are not essential as modules over D(G) beause the
onvolution of a smooth funtion with a distribution is already a smooth funtion.
Proposition 3.17. Let G be a loally ompat group that is ountable at innity
and let V be a metrizable bornologial vetor spae. Let I be a fundamental system
of smooth ompat subgroups in G. Then
SG(E(G, V ), λ) ∼= lim−→
k∈I
E(k\G, V ) ∼= lim−→
k∈I
E(k\G) ⊗ˆ V ;
SG(E(G, V ), ρ) ∼= lim−→
k∈I
E(G/k, V ) ∼= lim−→
k∈I
E(G/k) ⊗ˆ V ;
SG×G(E(G, V ), λ⊠ ρ) ∼= lim−→
k∈I
E(G//k, V ) ∼= lim−→
k∈I
E(G//k) ⊗ˆ V.
Proof. We only ompute the smoothening of the left regular representation, the
other ases are similar. Let U ⊆ G be an open almost onneted subgroup. We an
assume all k ∈ I to be normal subgroups of U . Let k ∈ I. Sine V is metrizable
and k\G is ountable at innity, Lemma 2.14 yields E(k\G, V ) ∼= E(k\G) ⊗ˆ V and
hene the last isomorphism. The spae E(k\G) ⊗ˆ V is metrizable as well. Hene
there is no dierene between smooth and dierentiable Lie group representations
on this spae by Proposition 3.18. Sine E ′(U/k) evidently ats on E(k\G) ⊗ˆ V
by onvolution, we onlude that U/k ats smoothly on E(k\G) ⊗ˆ V for all k ∈ I.
Therefore, X := lim
−→
E(k\G) ⊗ˆV is a smooth representation of G by Theorem 3.13.
Sine W = lim
−→
W k for any smooth representation, it is lear that any bounded
G-equivariant map W → E(G, V ) fators through X . Hene X is the smoothening
of E(G, V ). 
The assertion of the proposition beomes false if G fails to be ountable at innity
or if V fails to be metrizable.
Proposition 3.18. Dierentiable Lie group representations on metrizable borno-
logial vetor spaes are smooth.
Proof. This follows immediately from Lemma 2.5. 
3.6. Smooth representations on topologial vetor spaes. Let G be a Lie
group and let V be a omplete loally onvex topologial vetor spae. Let End(V )
be the algebra of ontinuous linear operators on V and let Aut(V ) be its multiplia-
tive group. We equip End(V ) with the equiontinuous bornology, so that it beomes
a bornologial algebra. There is a topologial analogue of the spae E(G, V ). A
representation π : G→ Aut(V ) is alled smooth if its adjoint is a ontinuous linear
map π∗ : V → E(G, V ) (see [3℄). The following riterion is similar to the riterion
for dierentiable representations in Theorem 3.15.
Proposition 3.19. The representation π is smooth if and only if it an be extended
to a bounded homomorphism ∫π : E ′(G)→ End(V ).
Proof. First suppose π to be smooth. We let D ∈ E ′(G) at on V as usual by
∫π(D)(v) := 〈D ⊗ˆpi id, π∗(v)〉. This is dened beause E(G, V ) ∼= E(G) ⊗ˆpi V is
Grothendiek's projetive tensor produt ([8℄). Let S ⊆ E ′(G) be bounded. Then S
is an equiontinuous set of linear funtionals on E(G) beause E(G) is a Fréhet
spae. Hene ∫π(S) is equiontinuous as well. Suppose onversely that ∫π : E ′(G)→
End(V ) is a bounded homomorphism extending π. Then the family of operators πg
for g in a ompat subset of G is equiontinuous and t−1(exp(tX)·v−v)→ ∫π(X)(v)
in the strong operator topology for t→ 0. This implies that π is smooth, see [3℄. 
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We now equip V with the von Neumann bornology, whih onsists of the subsets
of V that are absorbed by eah neighborhood of zero. Any equiontinuous family
of operators on V is equibounded. Hene a topologially smooth representation is
bornologially dierentiable. The onverse impliation holds if V is bornologial,
that is, a subset that absorbs all von Neumann bounded subsets is already a neigh-
borhood of zero. In that ase an equibounded set of linear maps is equiontinuous
as well. Thus topologially smooth representations on bornologial topologial ve-
tor spaes are the same as bornologially dierentiable representations with respet
to the von Neumann bornology.
Next we onsider the preompat bornology. Let Pt(V ) be V equipped with the
preompat bornology. Let π be topologially smooth. Sine any bounded subset of
E ′(G) is bornologially ompat, the set of operators ∫π(S) for bounded S ⊆ E ′(G) is
even bornologially relatively ompat for the equiontinuous bornology on End(V ).
This implies that ∫π(S)(T ) is again preompat for preompat T , that is, ∫π is
bounded for the equibounded bornology on End(Pt(V )). The onverse impliation
holds if a subset of V that absorbs all preompat subsets is already a neighborhood
of zero. For instane, this is the ase if V is a Fréhet spae.
As a result, the topologial notion of smooth representation is equivalent to the
bornologial notion of dierentiable representation under mild hypotheses on the
topology of V . However, ondition (iii) of Theorem 3.14 will usually be violated.
Analogous assertions for ontinuous representations are false unless V is a Fréhet
spae. For instane, if V is a ontinuous representation on a Banah spae, then
the indued representation on the dual spae V ′ is weakly ontinuous but usually
not norm ontinuous. However, the weak and the norm topology on V ′ have the
same von Neumann bornology.
Theorem 3.20. Let π : G → Aut(V ) be a group representation of a Lie group on
a Fréhet spae. Then the following are equivalent:
(1) π is smooth as a representation on a topologial vetor spae;
(2) π is smooth with respet to the von Neumann bornology;
(3) π is smooth with respet to the preompat bornology.
Proof. A subset of V that absorbs all null sequenes is already a neighborhood of
zero. Hene the above disussion shows that topologial smoothness is equivalent
to bornologial dierentiability for either the von Neumann or the preompat
bornology. Sine both bornologies on V are metrizable, the assertion now follows
from Proposition 3.18. 
Proposition 3.21. Let V be a Fréhet spae equipped with the preompat or von
Neumann bornology and let G be a Lie group. Let π : G → Aut(V ) be a represen-
tation. Then the smoothening of V is a Fréhet spae with the preompat or the
von Neumann bornology, respetively. If V is nulear, so is S(V ).
Proof. Let W be the Fréhet spae of smooth funtions G→ V in the usual topo-
logial sense, equipped with the preompat or von Neumann bornology, respe-
tively. It is shown in [14℄ that E(G, V ) = W as bornologial vetor spaes, for both
bornologies. Here we use that the bornologies of loally uniform boundedness and
loally uniform ontinuity on E(G, V ) oinide. Sine S(V ) is a losed subspae of
E(G, V ) ∼= W , it is a Fréhet spae as well. Furthermore, if V is nulear, so is W
and hene its subspae S(V ). 
4. Essential modules versus smooth representations
Let G be a loally ompat group. We are going to identify the ategory of
smooth representations of G with the ategory of essential modules over the onvo-
lution algebra D(G). First we introdue the appropriate notion of an approximate
20 RALF MEYER
identity in a bornologial algebra and dene the notion of an essential module.
Then we ompare essential modules over D(G) with smooth representations of G.
Finally, we investigate analogues of the smoothening, restrition, ompat indution
and indution funtors for representations.
4.1. Approximate identities and essential modules.
Denition 4.1. Let A be a bornologial algebra. We say that A has an approximate
identity if for eah bornologially ompat subset S ⊆ A there is a sequene (un)n∈N
in A suh that un · x and x · un onverge to x uniformly for x ∈ S.
A subset of a bornologial vetor spae V is bornologially ompat if it is a om-
pat subset of VT for some bounded omplete disk T ⊆ V . The uniform onvergene
in the above denition means that there is a bounded omplete disk T ⊆ A suh
that unx and xun onverge to x uniformly for x ∈ S in the Banah spae VT .
Sine we may take a dierent sequene (un) for eah bornologially ompat
subset, we are really onsidering a net (un,S) in A, indexed by pairs (S, n) where
S ⊆ A is bornologially ompat and n ∈ N. It is more onvenient to work with
sequenes as in Denition 4.1, however. The above denition is related to the usual
notion of an approximate identity in a Banah algebra:
Lemma 4.2. Let A be a Banah algebra with a (multiplier) bounded approximate
identity in the usual sense. Then A equipped with the von Neumann or preompat
bornology has an approximate identity in the sense of Denition 4.1.
Proposition 4.3. The bornologial algebra D(G) has an approximate identity for
any loally ompat topologial group G.
Proof. Let U ⊆ G be open and almost onneted. Any element of D(G) an be
written as a nite sum of elements of the form δg ∗ f or of elements of the form
f ∗ δg with g ∈ G, f ∈ D(U). Therefore, it sues to onstrut an approximate
identity for D(U). Let I be a fundamental system of smooth ompat subgroups
of U . Sine D(U) = lim
−→
D(U/k), it sues to onstrut approximate identities in
D(U/k). Consequently, we may assume G to be a Lie group.
Let (un)n∈N be a sequene in D(G) with
lim
n→∞
∫
G
un(g) dg = 1, lim
n→∞
suppun = {1}.
The latter ondition means that the support of un is eventually ontained in any
neighborhood of 1. We laim that (un) is an approximate identity for any bounded
subset S ⊆ D(G). We only hek the onvergene un ∗ f → f . The onvergene
f ∗ un → f is proved similarly, using that lim
∫
G
un(g
−1) dg = 1 as well.
There is a ompat subset K ⊆ G suh that f and f ∗ un are supported in K
for all f ∈ S, n ∈ N. Hene we are working in the nulear Fréhet spae E0(K).
It is straightforward to see that un ∗ f onverges to f with respet to the topol-
ogy of E0(K), even uniformly for f ∈ S. Sine E0(K) is a Fréhet spae equipped
with the von Neumann bornology, the topologial and bornologial notions of uni-
form onvergene of a sequene of operators on preompat subsets in E0(K) are
equivalent (see [14℄). Hene (un) is a left approximate identity in the sense of
Denition 4.1. 
Let V be a right and W a left bornologial A-module. Then we dene V ⊗ˆAW
as the okernel of the map
b′1 : V ⊗ˆA ⊗ˆW → V ⊗ˆW, v ⊗ a⊗ w 7→ va⊗ w − v ⊗ aw.
That is, we divide V ⊗ˆW by the losure of the range of b′1. For V = A we also
onsider the map b′0 : A ⊗ˆW → W , a ⊗ w 7→ aw. Sine b
′
0 ◦ b
′
1 = 0, the map b
′
0
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desends to a map A ⊗ˆAW →W . If V is a B-A-bimodule and W a left A-module,
then V ⊗ˆAW is a left B-module in an obvious fashion. In partiular, A ⊗ˆAW is a
left A-module and the map A ⊗ˆA W →W is a module homomorphism.
Lemma 4.4. Let A be a bornologial algebra with an approximate identity and
let W be a bornologial left A-module. The natural map A ⊗ˆA W → W is always
injetive. The map b′0 : A ⊗ˆW → W is a bornologial quotient map if and only if
the map A ⊗ˆAW →W indued by b
′
0 is a bornologial isomorphism.
Proof. Everything follows one we know that the range of b′1 : A ⊗ˆA ⊗ˆW → A ⊗ˆW
is dense in the kernel of b′0 : A ⊗ˆ W → W . Pik ω ∈ Ker b
′
0. Then there exist
bounded omplete disks S ⊆ A, T ⊆W suh that ω ∈ AS ⊗ˆWT . Sine AS and WT
are Banah spaes, we an nd null sequenes (an) in AS , (wn) in WT and (λn) in
ℓ1(N) suh that ω =
∑
λnan ⊗ wn (see [8℄). Sine the set {an} is bornologially
ompat in A, there is a sequene (um) in A suh that uman → an for m → ∞
uniformly for n ∈ N. Thus um · ω → ω for m→∞. We have
b′1(um ⊗ ω) = um · ω − um ⊗ b
′
0(ω) = um · ω.
Thus ω is the limit of a sequene in the range of b′1. 
Denition 4.5. Let A be a bornologial algebra with approximate identity. A
bornologial left A-module V is alled essential if the map b′0 : A ⊗ˆ V → V is a
bornologial quotient map or, equivalently, A ⊗ˆA V ∼= V . Essential right modules
and bimodules are dened analogously.
If A is unital, then a left A-module is essential if and only if it is unital, that
is, 1A ats as the identity. The term essential is a synonym for non-degenerate,
whih is not as widely used for other purposes. Grønbæk ([6℄) alls suh modules
A-indued.
Let MˆG be the ategory of all bornologial left modules over D(G). Let MG be
its full subategory of essential left modules. We write V ∈ MG if V is an objet
of MG and write f ∗ v for f ∈ D(G), v ∈ V , for the module struture.
Proposition 4.6. For any V ∈ MG there is a natural smooth representation
π : G→ Aut(V ) suh that
f ∗ v = ∫π(f dg)(v) =
∫
G
π(g, v) · f(g) dg
for all f ∈ D(G), v ∈ V . Naturality means that bounded module homomorphisms
are π-equivariant.
Proof. Sine V is essential, it is naturally isomorphi to the okernel of the operator
b′1 : D(G) ⊗ˆ D(G) ⊗ˆ V → D(G) ⊗ˆ V . We let G at on the soure and target of b
′
1
by the left regular representation on the rst tensor fator. This representation is
smooth by Lemma 3.4 and b′1 is G-equivariant. Therefore, its okernel V arries a
representation π : G→ Aut(V ), whih is smooth by Lemma 3.5. It is trivial to hek
∫π(f1 dg)(f2 ∗ v) = f1 ∗ f2 ∗ v. Sine V is essential, this implies ∫π(f dg)(v) = f ∗ v
for all f ∈ D(G), v ∈ V . The onstrution of π is evidently natural. 
4.2. Representations as modules over onvolution algebras. We have seen
how an essential module over D(G) an be turned into a smooth representation
of G. Conversely, we now turn a ontinuous representation π : G → Aut(V ) into
a module over D(G). Continuity implies that Wf(g) := πgf(g) denes a bounded
linear operator from D(G, V ) to L1(G, V ) := L1(G) ⊗ˆ V , where L1(G) arries the
von Neumann bornology. We remark without proof that the onverse impliation
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also holds: if W is a bounded linear map D(G, V ) → L1(G, V ), then π is already
ontinuous. If π is ontinuous, then
∫π(f ⊗ v) :=
∫
G
πg(v) · f(g) dg
denes a bounded linear map from D(G, V ) ∼= D(G) ⊗ˆV to V . By adjoint assoia-
tivity we obtain a bounded linear map ∫π : D(G) → End(V ). It is straightforward
to hek that this is an algebra homomorphism, so that V beomes a module over
D(G). A morphism in RˆG between ontinuous representations is a D(G)-module
homomorphism as well. That is, we have a funtor from the ategory of ontinuous
representations of G to MˆG.
Proposition 4.7. Let π : G → Aut(V ) be a ontinuous representation. Then the
following assertions are equivalent:
(i) π is a smooth representation, that is, the adjoint of π is a bounded linear map
V → E(G, V );
(ii) the map ∫π : D(G, V )→ V has a bounded linear right setion, that is, there is
a bounded linear map σ : V → D(G, V ) suh that ∫π ◦ σ = idV ;
(iii) V is an essential module over D(G), that is, the map ∫π : D(G, V ) → V is a
bornologial quotient map.
If π is smooth, then the setion σ in (ii) an be onstruted expliitly as follows.
Choose φ ∈ D(G) with
∫
G
φ(g) dg = 1 and dene
σφ : V → D(G, V ), σφ(v)(g) := φ(g)π(g
−1, v).
If H ⊆ G is ompat, the setion σ in (ii) an be hosen H-equivariant.
Proof. If π is smooth, then the formula for σφ denes a bounded linear map into
D(G, V ) by Lemma 3.2. A trivial omputation shows that σφ is a setion for ∫π.
Thus (i) implies (ii). If H ⊆ G is ompat, we an hoose φ left-H-invariant.
Then the operator σφ is H-equivariant. The impliation (ii)=⇒(iii) is trivial. Sup-
pose (iii). The map ∫π : D(G, V )→ V is equivariant with respet to the left regular
representation of G on D(G, V ). The latter is smooth by Lemma 3.4. Thus π is a
quotient of a smooth representation. Lemma 3.5 shows that π is smooth. 
Theorem 4.8. Let G be a loally ompat group. Then the ategories of smooth
representations and of essential modules are isomorphi. The isomorphism sends
a representation π : G → Aut(V ) to its integrated form ∫π : D(G) → End(V ). In
partiular, π is smooth if and only if ∫π is essential.
Proof. The two onstrutions in Propositions 4.6 and 4.7 are learly inverse to eah
other. They provide the desired isomorphism of ategories. 
4.3. Construtions with modules and homologial algebra. Most funtors
between module ategories are speial ases of two onstrutions: the balaned ten-
sor produt and the Hom funtor. LetW be a B-A-bimodule. Then we have a fun-
torW ⊗ˆA xy from left A-modules to left B-modules and a funtor HomB(W, xy) from
left B-modules to left A-modules. The left A-module struture on HomB(W,V ) is
given by a ·L(w) := L(w · a). These two funtors are linked by the adjoint assoia-
tivity relation
(11) HomB(W ⊗ˆA V,X) ∼= HomA(V,HomB(W,X)).
Of ourse, there are similar onstrutions for right modules.
Let H ⊆ G be a losed subgroup. The embedding H ⊆ G indues an algebra
homomorphism E ′(H) → E ′(G). Embedding D(H) ⊆ E ′(H) as usual, using a left
Haar measure dHh on H , we obtain an algebra homomorphism D(H) → E
′(G).
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This does not sue to dene a restrition funtor MˆG → MˆH . However, we
an view D(G) as a bimodule over D(H) on the left and D(G) on the right by
f0 ∗ f1 ∗ f2 := (f0 dHh) ∗ f1 ∗ f2 for f0 ∈ D(H), f1, f2 ∈ D(G). This yields two
funtors
SHG : MˆG → MˆH , S
H
G (V ) := D(G) ⊗ˆD(G) V,
IGH : MˆH → MˆG, I
G
H(V ) := HomD(H)(D(G), V ),
alled (smooth) restrition funtor and (rough) indution funtor, respetively. An
analogous formula allows us to view D(G) as a bimodule over D(G) on the left and
D(H) on the right. This yields two funtors
IcGH : MˆH → MˆG, Ic
G
H(V ) := D(G) ⊗ˆD(H) V,
RHG : MˆG → MˆH , R
H
G (V ) := HomD(G)(D(G), V ),
alled (smooth) ompat indution funtor and rough restrition funtor, respe-
tively. Finally, we dene
S := SGG = Ic
G
G : MˆG → MˆG, S(V ) := D(G) ⊗ˆD(G) V,
R := RGG = I
G
G : MˆG → MˆG, R(V ) := Hom(D(G), V ),
the smoothening and roughening funtors.
Our treatment of the ompat indution funtor as a tensor produt is analogous
to Mar Rieel's approah to indued representations ([18℄). The Banah algebra
variant of Rieel's theory by Niels Grønbæk is even loser to our setup ([6,7℄). The
only dierene is that Grønbæk works with L1(G) instead of D(G).
The following theorem shows that the smoothening deserves its name. We use
the natural map S(V )→ V indued by b′0(f ⊗ v) := f ∗ v.
Theorem 4.9. The natural map S(V ) → V is always injetive and an isomor-
phism if and only if V ∈ MG. The smoothening is an idempotent funtor on MˆG
whose range is MG. As a funtor MˆG → MG it is left adjoint to the embedding
MG → MˆG. Let π : G → Aut(V ) be a ontinuous representation of G. Then the
smoothenings of G as a module and as a representation agree.
Proof. We know from Lemma 4.4 that the map S(V ) → V is always injetive and
an isomorphism if and only if V is essential. Sine the left regular representation on
D(G) is smooth, D(G) is an essential left module over itself by Theorem 4.8. That
is, D(G) ⊗ˆD(G)D(G) ∼= D(G). Sine the balaned tensor produt is assoiative, we
obtain S2 = S. Sine S(V ) ∼= V if and only if V ∈MG, the range of S is MG.
Let W be an essential module. Sine the map S(V ) → V is always inje-
tive, the indued map Hom(W, S(V )) → Hom(W,V ) is injetive. Any bounded
module homomorphism W → V restrits to a bounded module homomorphism
W = S(W ) → S(V ), so that the map Hom(W, S(V )) → Hom(W,V ) is also surje-
tive. This means that the embedding and smoothening funtors are adjoint.
Let π be a ontinuous representation. Let V0 and V1 be the smoothenings of V
as a representation and as a module, respetively. The natural maps V0 → V
and V1 → V are both injetive. Sine V1 is an essential module, it is a smooth
representation of G as well. Hene the map V0 → V fators through V0 → V1
by the universal property of the smoothening. Similarly, sine V0 is an essential
module, the map V1 → V fators through V1 → V0. Both maps V0 → V1 and
V1 → V0 are injetive and bounded, hene bornologial isomorphisms. 
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Equation (11) speializes to natural isomorphisms
HomD(G)(Ic
G
H(V ),W )
∼= HomD(H)(V,R
H
G (W )),(12)
HomD(H)(S
H
G (V ),W )
∼= HomD(G)(V, I
G
H(W )).(13)
That is, ompat indution is left adjoint to rough restrition and rough indution
is right adjoint to smooth restrition.
Espeially, S is left adjoint to R. Being adjoint to an idempotent funtor, R is
idempotent as well. Thus R is a projetion onto a subategory of MˆG. We may
all these modules rough. They are usually not smooth, but if G is a Lie group they
are dierentiable by Theorem 3.15 beause they are evidently modules over E ′(G).
We have R ◦ S ∼= R beause
HomD(G)(V,R ◦ S(W )) ∼= HomD(G)(S(V ), S(W ))
∼= HomD(G)(S(V ),W ) ∼= HomD(G)(V,R(W ))
for all V,W ∈ MˆG. We will prove shortly that S ◦R ∼= S. Summarizing, we have
(14) S ◦ S ∼= S, S ◦R ∼= S, R ◦ S ∼= R, R ◦R ∼= R .
The natural map V → R(V ) is injetive if and only if no non-zero vetor v ∈ V
satises f ∗v = 0 for all f ∈ D(G). Let us restrit attention to this lass of modules.
Then the natural maps S(V ) → V → R(V ) are injetive. If we have injetive
maps S(V ) → W → R(V ), then S(V ) = S(W ) beause already SR(V ) = S(V )
and the smoothening preserves monomorphisms. Conversely, if S(W ) ∼= S(V ),
then R(W ) ∼= RS(W ) ∼= RS(V ) ∼= R(V ) as well, so that we have injetive maps
S(V ) → W → R(V ). This means that a module W satises S(W ) = S(V ) if and
only if it lies between S(V ) and R(V ).
In the following we taitly identify MG with RG using Theorem 4.8. If we have
to view a smooth representation as a right module, we always use the antipode f˜ (1)
dened in (7) to turn a left into a right module.
Sine S(V ) = V for V ∈ MG, we have S
H
G |MG
∼= ResHG . The universal property
of the smoothening and (13) imply that S ◦ IGH(W ) : MH →MG is right adjoint to
ResHG . This means that
(15) S ◦ IGH
∼= IndGH .
Sine IndGG is the idential funtor, we get the relation S ◦R = S laimed in (14).
The relationship between IcGH and c-Ind
G
H is more ompliated. Before we disuss
it we need some other useful results.
Let X and Y be a right and left module over D(G) and let W be a bornologial
vetor spae. Then Hom(X,W ) is a left module over D(G) in a anonial way
and (11) yields
(16) Hom(X ⊗ˆD(G) Y,W ) ∼= HomD(G)(Y,Hom(X,W )).
Let C(1) be the trivial representation of G on C viewed as a right module over
D(G). The spae C(1) ⊗ˆD(G) Y is alled the oinvariant spae of Y . If Y is a
smooth representation viewed as a left module over D(G) and W = C, then (16)
asserts that the dual spae of the oinvariant spae of Y is the spae of G-invariant
linear funtionals on Y .
Let X,Y, Z be smooth representations of G. We let G at on Hom(Y, Z) by the
onjugation ation (g · l)(y) := g · l(g−1y) and on X ⊗ˆ Y by the diagonal ation
g · (x ⊗ y) := gx⊗ gy. These two onstrutions are adjoint in the sense that
(17) HomG(X, SHom(Y, Z)) ∼= HomG(X,Hom(Y, Z)) ∼= HomG(X ⊗ˆ Y, Z).
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The rst isomorphism is the universal property of the smoothening. The seond
is proved by identifying both sides with the spae of bilinear maps l : X × Y → Z
that satisfy the equivariane ondition l(gx, gy) = gl(x, y). If we let X := C(1) be
the trivial representation of G on C, we have C(1) ⊗ˆ Y ∼= Y and
(18) HomG(C(1), SHom(Y, Z)) ∼= HomG(Y, Z).
Next we laim that
(19) C(1) ⊗ˆD(G) (Y ⊗ˆ Z) ∼= Y ⊗ˆD(G) Z,
where we view C(1) and Y as right modules over D(G). Equation (19) an easily
be veried diretly. For the fun of it we use adjointness relations to prove the
equivalent assertion that Hom(C(1) ⊗ˆD(G) (Y ⊗ˆZ),W ) ∼= Hom(Y ⊗ˆD(G) Z,W ) for
all bornologial vetor spaes W . Equation (16) implies
Hom(Y ⊗ˆD(G) Z,W ) ∼= HomG(Z,Hom(Y,W )),
Hom(C(1) ⊗ˆD(G) (Y ⊗ˆ Z),W ) ∼= Hom(Y ⊗ˆ Z,Hom(C(1),W )) ∼= Hom(Y ⊗ˆ Z,W ),
where G ats on Hom(Y,W ) by g · l(y) := l(g−1y) and trivially on W . Sine the
ation on Hom(Y,W ) is the onjugation ation for the trivial representation on W ,
both spaes are isomorphi by (17). This nishes the proof of (19).
Now we are ready to relate the funtors IcGH and c-Ind
G
H . Reall that µG:H de-
notes the quasi-harater µG/µH : H → R
×
+. For a representation π : H → Aut(V )
we write µG:H · V for the representation µG:H · π on V .
Theorem 4.10. There is a natural isomorphism IcGH(V )
∼= c-Ind
G
H(µG:H · V ) for
all V ∈MH .
Proof. First we explain the soure of the relative modular funtion in IcGH(V ). The
right D(G)-module struture on D(G) is the integrated form of the twisted right
regular representation ρ · µG beause f(g) dGg ∗ δx−1 = f(gx)µG(x) dGg. We equip
D(G) and D(H) with the anonial D(H)-bimodule struture. The restrition
map D(G) → D(H) is a left module homomorphism, but we pik up a fator
µG:H for the right module struture. Therefore, it indues an H-equivariant map
IcGH(V )→ µG:H ·V and hene a G-equivariant map into Ind
G
H(µG:H ·V ). This is the
desired isomorphism onto c-IndGH(µG:H · V ). We now onstrut it more expliitly.
Dene
Φ: D(G, V )→ E(G, V ), Φf(g) :=
∫
H
h · f(g−1 · h)µG:H(h) dHh,
where dHh is a left invariant Haar measure on H . Clearly, suppΦf ⊆ H ·(supp f)
−1
is uniformly ompat in H\G for f in a bounded subset of D(G, V ). Moreover,
Φf(hg) = µG:H(h)h · Φf(g) for all h ∈ H , g ∈ G. This means that the range of Φ
is ontained in c-IndGH(µG:HV ). Moreover, one omputes easily that Φ(fh) = Φ(f)
if fh(g) := µG(h)h · f(gh) for h ∈ H . This means that Φ is H-invariant for the
diagonal ation of H on D(G) ⊗ˆ V that ours in (19). Therefore, Φ desends to a
bounded linear map on D(G) ⊗ˆD(H) V = Ic
G
H(V ). Finally, Φ is G-equivariant, that
is, Φλg = ρgΦ. Summing up, we have onstruted a natural transformation
Φ: IcGH(V )→ c-Ind
G
H(µG:H · V ).
It remains to verify that Φ is an isomorphism for all V . This is easy for the
left regular representations on D(H,V ), where we an ompute both sides expli-
itly. Any essential module over D(H) is the okernel of a map b′1 : D(H ×H,V )→
D(H,V ) between left regular modules. The funtor IcGH preserves okernels beause
it has a right adjoint. The funtor c-IndGH also preserves okernels by Proposi-
tion 3.12. Hene Φ is an isomorphism for all V . 
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Corollary 4.11. If H ⊆ G is oompat, then there is a natural isomorphism
S ◦ IGH(µG:H · V )
∼= IcGH(V ).
Proof. It is lear from the denition that c-IndGH = Ind
G
H in this ase. Hene the
assertion follows from Theorem 4.10 and (15). 
We ontinue with some further properties of our funtors. Let L ⊆ H ⊆ G. Sine
the right D(H)-module struture on D(G) omes from a smooth representation, we
have D(G) ⊗ˆD(H) D(H) ∼= D(G) and hene
IcGH ◦ Ic
H
L (V ) = D(G) ⊗ˆD(H) D(H) ⊗ˆD(L) V
∼= D(G) ⊗ˆD(L) V = Ic
G
L(V ).
The assertion SLH ◦ S
H
G = S
L
G is proved similarly. By adjointness we also obtain
IGH ◦ I
H
L = I
G
L and R
L
H ◦R
H
G = R
L
G. We evidently have Res
L
H Res
H
G = Res
L
G and
hene IndGH ◦ Ind
H
L = Ind
G
L by adjointness. As speial ases we note that
(20) R ◦ IGH = I
G
H = I
G
H ◦R, S ◦ Ic
G
H = Ic
G
H ◦ S = Ic
G
H .
Together with (14), we obtain further relations like IGH ◦ S = I
G
H and Ic
G
H ◦R = Ic
G
H .
Let V and W be a right and a left module over D(G) and D(H), respetively.
Then we trivially have
(21) V ⊗ˆD(G) Ic
G
H(W )
∼= V ⊗ˆD(G) D(G) ⊗ˆD(H) W ∼= S
H
G V ⊗ˆD(H) W.
Let X be a bornologial vetor spae, equip Hom(W,X) with the anonial right
module struture. Then we have anonial isomorphisms
HomD(G)(V, I
G
H Hom(W,X))
∼= HomD(H)(S
H
G V,Hom(W,X))
∼= Hom(SHG V ⊗ˆD(H) W,X)
∼= Hom(V ⊗ˆD(G) Ic
G
H W,X)
∼= HomD(G)(V,Hom(Ic
G
H W,X)).
Sine V is arbitrary, we onlude that
(22) IGH Hom(W,X)
∼= Hom(IcGH W,X).
as left modules over D(G). Here W is a right module over D(H) and X is a
bornologial vetor spae. For X = C this is an assertion about indution of
dual spaes. The smoothening of the dual is the ontragradient representation W˜ .
Equation (22) implies
(23) IndGH W˜
∼=
(
c-IndGH(µG:H ·W )
)∼
.
The analogous statements
(24) RHG Hom(W,X)
∼= Hom(SHG W,X), RHom(W,X)
∼= Hom(SW,X),
about restrition follow easily from (11).
Finally, we do some homologial algebra and begin by realling a few standard
notions. Let A+ be the augmented unital algebra obtained by adjoining a unit
element to a bornologial algebra A. The ategory of left modules over A is isomor-
phi to the ategory of unital left modules over A+. Hene the orret denition of
a free left module over A is A+ ⊗ˆ V with the evident left module struture over A.
Similar remarks apply to right modules and bimodules. The free module has the
universal property that bounded module homomorphisms A+ ⊗ˆV →W orrespond
bijetively to bounded linear maps V → W . As a onsequene, free modules are
projetive for linearly split extensions. In the following we say that a module is
relatively projetive if it is projetive for this lass of extensions. In general, the
modules A ⊗ˆ V need not be relatively projetive.
Proposition 4.12. Let H ⊆ G. Then D(G) is relatively projetive as a left or
right module over D(H).
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Proof. It sues to prove that D(G) is projetive as a left module over D(H). We
are going to onstrut a bounded D(H)-linear setion σ for the onvolution map
µ : D(H ×G) ∼= D(H) ⊗ˆ D(G)→ D(G), µf(g) :=
∫
H
f(h, h−1g) dh.
Let µ+ be the extension of µ to D(H)+ ⊗ˆ D(G), then µ+ ◦ σ = id as well. Thus
D(G) is relatively projetive as a retrat of the free module D(H)+ ⊗ˆ D(G). The
map σ is dened by σf(h, g) := f(hg) · φ(g) for some funtion φ ∈ E(G). This
denes a map to D(H ×G) if suppφ ∩H · L is ompat for all ompat L ⊆ G. It
is a setion for µ if and only if
∫
H
φ(h−1g) dHh = 1 for all g ∈ G. Funtions φ with
these properties learly exist. 
Theorem 4.13. Let H ⊆ G be a losed subgroup. The funtors IcGH and S
G
H
preserve bornologial extensions, loally linearly split extensions, linearly split ex-
tensions and injetivity of morphisms. They ommute with arbitrary diret limits.
They map relatively projetive objets to relatively projetive objets. In partiular,
all this applies to the smoothening funtor.
The funtors IGH and R
G
H preserve linearly split extensions and injetivity of mor-
phisms. They ommute with arbitrary inverse limits. They map relatively injetive
objets to relatively injetive objets. In partiular, all this applies to the roughening
funtor.
Proof. For the exatness assertions we an forget the module struture on IcGH(V )
and SHG (V ) and view these spaes just as bornologial vetor spaes. Thus the
exatness assertions about SHG follow from the orresponding statements about Ic
G
G.
Proposition 4.12 implies that the funtor IcGH is a retrat of the funtor V 7→
D(G) ⊗ˆ V ∼= D(G, V ). Hene it inherits the properties of the latter funtor listed
in Proposition 2.10. Sine IcGH and S
H
G have right adjoints, they ommute with
diret limits. Furthermore, the assertion that IcGH preserves relative projetivity is
equivalent to the statement that its right adjoint funtor RGH is exat for linearly
split extensions. This follows from Proposition 4.12. It is evident that IGH and
RGH preserve injetivity of morphisms. Sine they have left adjoint funtors, they
ommute with inverse limits. Sine their left adjoints are exat for linearly split
extensions, they preserve relatively injetive objets. 
Theorem 4.14. Let K ֌ E ։ Q be a bornologial extension in MˆG. Then
E ∈MG if and only if both K ∈MG and Q ∈MG.
Proof. Let K ′, E′, Q′ be the smoothenings of K,E,Q. Consider the diagram
K ′

// // E′

// // Q′

K // // E // // Q.
Both rows are bornologial extensions by Theorem 4.13. If K and Q are essential,
then the vertial arrows K ′ → K and Q′ → Q are bornologial isomorphisms. This
implies that the middle arrow is a bornologial isomorphism by the Five Lemma.
The validity of the Five Lemma for bornologial vetor spaes an be proved di-
retly. It also follows easily from the observation that the ategory of bornologial
vetor spaes with the lass of bornologial extensions is an exat ategory in the
sense of Daniel Quillen (see [16, 17℄). Hene E is essential if both K and Q are
essential. Conversely, if E is essential, then the module ation D(G) ⊗ˆQ→ Q is a
bornologial quotient map, so that Q is essential. Another appliation of the Five
Lemma shows that K is essential as well. 
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We have seen in Setion 3.2 that the lass of smooth representations of G is
hereditary for subrepresentations and quotient representations, but not for exten-
sions in general. We have to assume the representation on E to be ontinuous.
Then we an use Theorem 4.14 to obtain the smoothness of E.
Theorem 4.15. The ategory MG
∼= RG has enough relatively projetive and
injetive objets.
The funtor IndGH : RH → RG is exat for linearly split extensions. It preserves
monomorphisms and relatively injetive objets. It ommutes with inverse limits in
these subategories (they dier from those in the larger ategories RˆG or MˆG!).
The funtors c-IndGH and Res
H
G are exat for any lass of extensions and preserve
monomorphisms and relatively projetive objets. They ommute with diret limits.
Proof. The exatness assertions about ResHG are trivial. The exatness properties
of IndGH
∼= S ◦ IGH follow immediately from those of S and I
G
H . Sine Res
G
H and Ind
G
H
are adjoint, the rst preserves diret and the latter preserves inverse limits. The
exatness properties imply that IndGH and Res
H
G preserve relatively injetive and
projetive objets, respetively. The assertions about c-IndGH follow immediately
from the orresponding properties of IcGH and Theorem 4.10. For the trivial groupE,
linearly split extensions are already diret sum extensions. Thus any objet is
relatively injetive and projetive. By Theorem 4.13 we obtain that IcGE(V ) =
D(G, V ) is relatively projetive and IndGE(V ) = S E(G, V ) is relatively injetive.
If V is an arbitrary smooth representation, then we have a linearly split surjetion
D(G, V )→ V by Proposition 4.7 and a linearly split injetion V → S E(G, V ). 
Thus we an derive funtors on the ategory of smooth representations using
relatively projetive and injetive resolutions. Let us write L∗ F and R
∗ F , ∗ ∈ N,
for the left and right derived funtors of a funtor F from RG to some additive
ategory. The left derived funtors of V ⊗ˆD(G) xy are denoted Tor
G
∗ (V,W ), the right
derived funtors of HomG(V, xy) are denoted Ext
∗
G(V,W ). If we take V to be the
trivial representation on C, we obtain group homology and ohomology, denoted
H∗(G, V ) and H
∗(G, V ), respetively.
The general mahinery of derived funtors yields the following results. Sine
the ompat indution funtor is exat and preserves relatively projetive objets,
we have L∗(F ◦ Ic
G
H) = (L∗ F ) ◦ Ic
G
H . Sine the indution funtor Ind
G
H is exat
and preserves relatively injetive objets, we have R
∗(F ◦ IndGH) = (R
∗ F ) ◦ IndGH .
Therefore, the adjointness of restrition and indution and (21) imply
Ext∗G(V, Ind
G
H(W ))
∼= Ext∗H(Res
H
G V,W ),(25)
TorG∗ (V, c-Ind
G
H(µG:H ·W ))
∼= TorH∗ (Res
H
G V,W ),(26)
H∗(G, IndGH(W ))
∼= H∗(H,W ),(27)
H∗(G, c-Ind
G
H(µG:H ·W ))
∼= H∗(H,W ).(28)
The funtors W 7→ V ⊗ˆ W with diagonal ation and W 7→ Hom(V,W ) with
onjugation ation are evidently exat for linearly split extensions. Sine they are
adjoint by (17), the rst preserves relative projetivity and the seond preserves
relative injetivity. Reasoning as above (18) and (19) imply
Ext∗G(V,W )
∼= Ext∗G(C(1), SHom(V,W )) = H
∗(G, SHom(V,W )),(29)
TorG∗ (V,W )
∼= TorG∗ (C(1), V ⊗ˆW ) = H∗(G, V ⊗ˆW ).(30)
That is, group homology and ohomology already determine the bivariant homology
and ohomology theories.
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4.4. The Gårding subspae. The smoothening for modules is losely related to
the Gårding subspae. Let V be a ontinuous representation of a loally ompat
group on a bornologial vetor spae. The Gårding subspae of V is dened as the
linear subspae spanned by ∫π(f)(v) with f ∈ D(G), v ∈ V . This is the image of
the unompleted tensor produt D(G)⊗ V in V . In ontrast, S(V ) is the image of
the ompleted tensor produt D(G) ⊗ˆV . It seems that everything that an be done
with the Gårding subspae an also be done with D(G) ⊗ˆD(G) V . However, it is
atually true that the Gårding subspae is always equal to S(V ). This is proved by
Jaques Dixmier and Paul Malliavin in [5℄ for Lie group representations on Fréhet
spaes. The same argument atually works in muh greater generality:
Theorem 4.16. Let π : G → Aut(V ) be a ontinuous representation of a loally
ompat group G on a bornologial vetor spae V . The Gårding subspae of V is
equal to S(V ). Espeially, any element of D(G) is a nite linear ombination of
produts f1 ∗ f2 with f1, f2 ∈ D(G).
Proof. We may assume that the representation V is already smooth beause we
only make the problem more diult if we shrink V to S(V ). Any v ∈ V already
belongs to V k for some smooth ompat subgroup k ⊆ G. We an replae the
representation of G on V by the smooth representation of the Lie group NG(k)/k
on V k. Thus we may assume G to be a Lie group without loss of generality. The
lass of smooth representations for whih the theorem holds is evidently losed under
indutive limits and under quotients. If V is a smooth representation, then it is a
quotient of the left regular representation on D(G, V ). The latter is the indutive
limit of the left regular representations on D(G, VT ) for the small omplete disks
T ⊆ V . Hene it sues to prove the assertion for the left regular representation
on D(G, VT ) for a Banah spae VT . This ase an be dealt with by literally the
same argument that Jaques Dixmier and Paul Malliavin use in [5℄ to prove that
the Gårding subspae of D(G) is D(G). 
5. The enter of the ategory of smooth representations
Denition 5.1. Let A be a bornologial algebra with the property that A ·A spans
a dense subspae of A.
Let Ml(A) and Mr(A)
op
be the algebras of bounded right and left module
homomorphisms A→ A, equipped with the equibounded bornology. These are the
left and right multiplier algebras of A. By onvention, the multipliation inMr(A)
is the opposite of the omposition of operators. The (two-sided) multiplier algebra
M(A) of A is the algebra of pairs (l, r) of a left and a right multiplier suh that
a · (l · b) = (a · r) · b for all a, b ∈ A.
All three multiplier algebras are unital bornologial algebras and there are ob-
vious bounded algebra homomorphisms from A into them. We laim that A is a
bornologial unital Ml(A)-Mr(A)-bimodule. The only point that is not obvious is
that (l · a) · r = l · (a · r) for all a ∈ A, l ∈ Ml(A), r ∈ Mr(A). If a = bc with
b, c ∈ A, then (l · bc) · r = (lb) · (cr) = l · (bc · r). The laim follows beause the linear
span of elements of the form bc is dense in A.
We denote the enter of an algebra A by Z(A). A left multiplier l of A is alled
entral if a · l · b = l · a · b for all a, b ∈ A. That is, the pair (l, l) is a two-sided
multiplier of A. Sine we know that left and right multipliers ommute with eah
other, it follows that l ommutes with any left or right multiplier on A. Thus l
belongs to the enters of all three multiplier algebras. Conversely, if l is entral,
say, inMl(A), then it is a entral multiplier in the above sense beause A ⊆Ml(A).
As a result, the multiplier algebras all have the same enter, whih onsists exatly
of the entral multipliers.
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Denition 5.2. The enter Z(C) of an additive ategory C is the ring of natural
transformations from the identity funtor id : C → C to itself.
Equivalently, an element of Z(C) is a family of morphisms γX : X → X for eah
objet X of C suh that f ◦ γX = γY ◦ f for any morphism f : X → Y in C. The
enter of the ategory of smooth representations of a totally disonneted group on
vetor spaes is studied by Joseph Bernstein in [1℄ and plays a ruial role in the
representation theory of redutive groups over non-Arhimedean loal elds.
Lemma 5.3. Let A be a bornologial algebra with an approximate identity. Suppose
that A⊗ˆAA ∼= A. Then the enter of the ategory of essential A-modules is naturally
isomorphi to the algebra of entral multipliers of A.
Proof. Let C be the ategory of essential bornologial left A-modules. The enter
of C maps into the enter of the endomorphism ring of A beause A ∈ C. By
denition, this endomorphism ring is Mr(A)
op
. Hene its enter is the algebra of
entral multipliers. Thus we obtain a homomorphism α : Z(C) → ZM(A). We
have to hek that this map is bijetive.
For injetivity suppose that Φ ∈ Z(C) vanishes on A. Let V ∈ C and v ∈ V .
Then the map a 7→ av is a morphism A → V in C. Hene ΦV (av) = ΦA(a)v = 0.
Sine elements of the form av generate V , we get ΦV = 0. Thus α is injetive. For
surjetivity let l be a entral multiplier. Sine A is a bimodule overMl(A) and A,
there is a anonial Ml(A)-module struture on A ⊗ˆA V , that is, on any essential
module. Thus l ats in a anonial way on any V ∈ C. Centrality implies that l
ats by left module homomorphisms. Thus we obtain an element of Z(C). 
The enter of the ategory of all modules over A is equal to the enter of A+
beause modules over A are the same as essential modules over A+. Hene we may
get a muh smaller enter than for essential modules.
Theorem 5.4. Let G be a loally ompat group. Then the enter of the ategory
of smooth representations of G is naturally isomorphi to ZM(D(G)), the algebra
of entral multipliers of D(G).
Proof. Theorem 4.8 asserts that RG is isomorphi to MG and hene has an iso-
morphi enter. We know that D(G) satises the hypotheses of Lemma 5.3. Hene
Z(RG) ∼= ZM(D(G)). 
Lemma 5.5. A left multiplier L of D(G) is of the form f 7→ D ∗ f for a uniquely
determined distribution D ∈ D′(G). A right multiplier is of the form f 7→ f ∗D for
a uniquely determined distribution D ∈ D′(G). If a pair (D1, D2) of distributions
gives an element ofM(A), then D1 = D2. ThusM(A) is the intersetion ofMl(A)
and Mr(A) inside D
′(G).
Proof. Let L ∈Ml(D(G)). Then we dene a distribution DL ∈ D
′(G) by DL(f) :=
L(f)(1G). We view D(G) as an essential right module over D(G) and L as a
bounded module homomorphism. The right module struture on D(G) is the in-
tegrated form of the representation µG · ρ. Theorem 4.8 yields that L is equivari-
ant with respet to this representation of G. A straightforward omputation now
shows that Lf = DL ∗ f for all f ∈ D(G). If D ∗ f = 0 for all f ∈ D(G), then
D ∗ f(1) = 0 for all f and hene D = 0. Thus the distribution and the left mul-
tiplier D ∗ xy determine eah other uniquely. The antipode on D(G) extends to an
algebra isomorphism between Ml(D(G)) and Mr(D(G)). Hene the desription of
left multipliers above yields a desription of right multipliers. If the pair (D1, D2)
determines a two-sided multiplier, then (a∗D2)∗ b = a∗ (D1 ∗ b) for all a, b ∈ D(G).
Thus the right multiplier assoiated to the distribution (D2 −D1) ∗ b vanishes for
all b. This implies (D2 −D1) ∗ b = 0. Sine b is arbitrary, we obtain D2 = D1. 
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It remains to identify the distributions on G that give rise to left, right and two-
sided multipliers. Let I be a fundamental system of smooth ompat subgroups
ofG. For k ∈ I let µk be the normalized Haar measure on k, viewed as a distribution
on G. Thus the onvolution with µk on the left and right averages a funtion over
left or right k-osets.
Proposition 5.6. A distribution D ∈ D′(G) is a left multiplier of D(G) if and only
if D ∗ µk ∈ E
′(G) for all k ∈ I and a right multiplier if and only if µk ∗D ∈ E
′(G)
for all k ∈ I. There are bornologial isomorphisms
Ml(D(G)) ∼= lim←−
k∈I
E ′(G/k) ∼=
(
lim
−→
k∈I
E(G/k)
)′
;
Mr(D(G)) ∼= lim←−
k∈I
E ′(k\G) ∼=
(
lim
−→
k∈I
E(k\G)
)′
.
Proof. We only prove the isomorphisms for Ml(D(G)). The struture maps in
the projetive system E ′(G/k) are right onvolution with µk. Reall that D(G) =
lim
−→
D(k\G) and that left onvolution with µk is a projetion onto D(k\G). Thus
D ∈ Ml(D(G)) if and only if left onvolution with D ∗ µk is a bounded map
from D(k\G) to D(G). Clearly, this is the ase if D ∗ µk has ompat support.
Conversely, if D ∗ µk does not have ompat support, then there exist funtions
(φn)n∈N in D(k\G) whose support is ontained in a xed ompat subset L ⊆ G
for whih D ∗ µk ∗ φn does not have a ommon ompat support. Multiplying the
funtions φn by appropriate salars we an ahieve that {φn} is a bounded subset
of D(k\G). By onstrution, D∗{φn} is not a bounded subset of D(G), so that D is
not a left multiplier. Thus D ∈Ml(D(G)) if and only if D∗µk has ompat support
for all k ∈ I. An analogous omputation for a set S ⊆ D′(G) of distributions shows
that S is bounded in Ml(D(G)) if and only if S ∗ µk is bounded in E
′(G/k) for all
k ∈ I. This proves the rst isomorphism. The seond one follows from the universal
property of diret limits. 
Corollary 5.7. If G is a projetive limit of Lie groups, then
Ml(D(G)) =Mr(D(G)) =M(D(G)).
If G is a Lie group then all three multiplier algebras are equal to E ′(G).
The spaes E(G/k) for k ∈ I are nulear Fréhet spaes and hene reexive. We
an rewrite the indutive limit lim
−→k∈I
E(G/k) as a diret sum. If G is metrizable,
this is quite easy: hoose I to be a sequene and notie that E(G/kn) is a retrat of
E(G/kn+1) for any n ∈ N. IfG is not metrizable, the assertion is still orret, but the
proof is more ompliated. Therefore, lim
−→
E(G/k) is reexive, so thatMl(D(G))
′ ∼=
lim
−→
E(G/k). Furthermore, if G is ountable at innity, then Proposition 3.17 shows
that lim
−→k∈I
E(G/k) is the smoothening of the right regular representation on E(G).
Proposition 5.8. Let D ∈ D′(G). Then D is a entral multiplier of D(G) if and
only if µk ∗D ∗ µk ∈ Z E
′(G//k) for all k ∈ I. There is a natural isomorphism of
bornologial algebras
ZM(D(G)) ∼= lim←−
Z E ′(G//k).
Proof. If D is a entral multiplier of D(G), then µk ∗ D ∗ µk belongs to the en-
ter of µkM(E(G))µk. Proposition 5.6 yields an isomorphism of bornologial al-
gebras µkM(E(G))µk = E
′(G//k). Hene we have a bounded homomorphism
ZM(D(G))→ lim
←−
Z E ′(G//k).
Suppose onversely that µkDµk be a entral element of E
′(G//k) for all k ∈ I.
For any j ∈ I, j ⊆ k, f ∈ D(G//k), we have
µj ∗D ∗ f = µj ∗D ∗ µj ∗ f ∗ µk = f ∗ µj ∗D ∗ µj ∗ µk = f ∗ µk ∗D ∗ µk.
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Sine this is independent of j, we obtain D ∗ f = f ∗ µk ∗D ∗ µk. In partiular, D
is a left multiplier. A similar omputation for f ∗D shows f ∗D = D ∗ f beause
µkDµk ommutes with f . Hene D is entral, so that we obtain an isomorphism
ZM(D(G)) ∼= lim←−
Z E ′(G//k). It is easy to hek that it is bornologial. 
If G is totally disonneted, then the spaes G//k are all disrete, so that
E ′(G//k) = D(G//k). This speial ase is overed in [1℄. Now let G be a on-
neted Lie group. If [D,X ] = 0 for all X ∈ g, then [D, δg] = 0 for all g ∈ G and
hene D is entral. Thus a distribution is entral if and only if it ommutes with g.
In partiular, the enter of the universal enveloping algebra of G is ontained in the
enter of E ′(G). The latter an be bigger than ZU(G). This happens, for instane,
if G has non-trivial enter or if G is ompat. However, there are also many Lie
groups for whih we have ZU(G) = ZE ′(G), that is, any entral distribution is
supported at 1. The following proposition only gives one lass of examples.
Proposition 5.9. Let G be a onneted omplex Lie group with trivial enter. Then
ZM(D(G)) is equal to the enter of the universal enveloping algebra.
Proof. Sine G has trivial enter, the adjoint representation of G on its Lie algebra g
is faithful, so that G ⊆ Gl(g). Let D ∈ Z E ′(G) and y ∈ suppD. Sine suppD is
ompat and onjugation invariant, the holomorphi funtion
C ∋ s 7→ exp(sX)y exp(−sX) ∈ Gl(g)
is bounded for any X ∈ g. Liouville's Theorem yields that it is onstant, that is,
[X, y] = 0. This implies suppD = {1} beause G has trivial enter. Now use the
identiation of distributions supported at 1 with the universal enveloping algebra.
Sine G is onneted, a distribution is entral if and only if it ommutes with g. 
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